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Abstract 



If X is a Lie group and g: P ^ M is a principal X-bundle over 
the compact manifold M, then any invariant symmetric y- valued bi- 

r^ • linear form on the Lie algebra t oi K defines a Lie algebra exten- 

C^ , sion of the gauge algebra by a space of bundle-valued 1-forms modulo 

exact 1-forms. In the present paper we analyze the integrability of 
this extension to a Lie group extension for non-connected, possibly 

^S| . infinite-dimensional Lie groups K. If K has finitely many connected 

K* I components, we give a complete characterization of the integrable ex- 

tensions. Our results on gauge groups are obtained by specialization 

t;:j- . of more general results on extensions of Lie groups of smooth sections 

f^ I of Lie group bundles. In this more general context we provide suffi- 

cient conditions for integrability in terms of data related only to the 

^ ■ group K. 

Q ! Keywords: gauge group; gauge algebra; central extension; Lie group 

extension; integrable Lie algebra; Lie group bundle; Lie algebra bundle 

^- 

c^ Introduction 

Affine Kac-Moody groups and their Lie algebras play an interesting role in 
various fields of mathematics and mathematical physics, such as string theory 
and conformal field theory (cf. |PS86j for the analytic theory of loop groups, 
|Ka90] for the algebraic theory of Kac-Moody Lie algebras and |Sch97] for 
connections to conformal field theory). For further connections to mathe- 
matical physics we refer to the monograph |Mi89] which discusses various 
occurrences of Lie algebras of smooth maps in physical theories (see also 
lMu88], |DDS95j l 
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From a geometric perspective, affine Kac-Moody Lie groups can be ob- 
tained from gauge groups Gau(P) of principal bundles P over the circle S^ 
whose fiber group is a simple compact Lie group K by constructing a central 
extension and forming a semidirect product with a circle group corresponding 
to rigid rotations of the circle. Here the untwisted case corresponds to trivial 
bundles, where Gau(P) = C°°(S^,i^) is a loop group, and the twisted case 
corresponds to bundles which can be trivialized by a 2- or 3-fold covering 
of §^ 

In the present paper we address central extensions of gauge groups Gau(P) 
of more general bundles over a compact smooth manifold M , where the struc- 
ture group K may be an infinite-dimensional locally exponential Lie group. 
In particular, Banach-Lie groups and groups of smooth maps on compact 
manifolds are permitted. Since the gauge group Gau(P) is isomorphic to 
the group of smooth sections of the associated group bundle, defined by the 
conjugation action of K on itself, it is natural to address central extensions 
of gauge groups and their Lie algebras in the more general context of groups 
of sections of bundles of Lie groups, resp.. Lie algebras. 

In the following, K, always denotes a locally trivial Lie group bundle 
whose typical fiber if is a locally exponential Lie group with Lie algebra 
t = L(if). Since we work with infinite-dimensional Lie algebras, we have to 
face the difficulty that, in general, the group Aut(6) does not carry a natural 
Lie group structure o Therefore it is natural to consider only Lie algebra 
bundles which are associated to some principal iif -bundle P with respect to 
a smooth action pi: H —>■ Aut(]&) of a Lie group H on i, i.e., for which the 
map {h,x) I— > pt{h){x) is smooth. 

Let ^ be such a Lie algebra bundle. Then the smooth compact open 
topology turns the space T^ of its smooth sections into a locally convex 
topological Lie algebra. To construct 2-cocycles on this algebra, we start 
with a continuous invariant symmetric bilinear map 

with values in a locally convex if -module V on which the identity component 
Hq acts trivially. The corresponding vector bundle V associated to P is 
flat, so that we have a natural exterior derivative d on V- valued differential 
forms. If V is finite-dimensional or H acts on V^ as a finite group, then 



^For Banach-Lie algebras, the group Aut(t) carries a natural Banach-Lie group struc- 
ture with Lie algebra der(t), but if i is not Banach, this need not be the case (cf. [Mai63| ). 



d(rV) is a closed subspace of Q^{M,Y), so that the quotient Q (M, V) : = 
n^(M, V)/d(rV) inherits a natural Hausdorff topology (see the introduction 
to Section d]). 

We are interested in the cocycles on the Lie algebra F^ with values in 
the space Q (M, V), given by 

^J(/,^):=K/,d^^)]. (1) 

Here d^ is the covariant exterior differential on Q'{M, K) induced by a prin- 
cipal connection V on P. For the special case of gauge algebras of principal 
bundles with connected compact structure group K, cocycles of this form 
have also been discussed briefly in |LMN S98J. Clearly, ([T]) generalizes the 
well-known cocycles for Lie algebras of smooth maps, obtained from invari- 
ant bilinear forms and leading to universal central extensions of F^ if ^ is 
trivial and i is semisimple (cf. |NW08a] . |KL82] ). Since we are presently 
far from a complete understanding of the variety of all central extensions of 
F^ or corresponding groups, it seems natural to study this class of cocycles 
first. For other classes of cocycles, which are easier to handle, and their 
integrability we refer to |Ne09t Sect. 4] and |Vi08j . 

It seems quite likely that if t is finite-dimensional semisimple, ^ = Ad(P) 
is the gauge bundle of a principal i^-bundle and k is universal, then the 
central extension of Qau{P) = TR by Q (M, V) defined by tuj is universal. 
The analogous result for multiloop algebras has recently been obtained by 
E. Neher ( |Nehn7t Thm. 2.13], cf. also [PPSO?! p. 147]), so that one may be 



optimistic, at least if M is a torus. 

Actually it is this class of examples that motivates the more complicated 
setting, where the group H acts non-trivially on V. Already for twisted loop 
groups of real simple Lie algebras t, one is lead to non-connected structure 
groups and the universal target space V{t) is a non-trivial module for Aut(6), 
on which Aut(6)o acts trivially. 

The main goal of the present paper is to understand the integrability of 
the Lie algebra extension F.^ of F.^ defined by the cocycle u := w^ := (^J 
to a Lie group extension of the identity component of the Lie group F/C (cf. 
Appendix 1X1 for the Lie group structure on this group). According to the 
general machinery for integrating central Lie algebra extensions described in 
|Ne02al Thm. 7.9], F.^ integrates to a Lie group extension of the identity 
component (F/C)o if and only if the image Fla; of the period homomorphism 

per^:7r2(F/C)^n'(M,V) 



obtained by integration of the left invariant 2-forni on F/C defined by uo is 
discrete and the adjoint action of F^ on the central extension F^ integrates 
to an action of the corresponding connected Lie group (F/C)o (cf. Appendix [Cl 
for more details on these two conditions). Therefore our main task consists 
in verifying these two conditions, resp., in finding verifiable necessary and 
sufficient conditions for these conditions to be satisfied. 

To obtain information on the period group 11^, it is natural to compose the 
cocycle with puUback maps 7* : Vt (M, V) ^ fi (S^, 7*V), defined by smooth 
loops 7:8^—^ M. To make this strategy work, we need quite detailed 
information on the special case M = §^, for which F/C is a twisted loop 
group defined by some automorphism if G Aut(i^): 

F/C - C°°(M, K)^ := {/ G C°°(M, K) : (Vt G R) f{t + 1) = ^-^(/(t))}. 

The structure of the paper is as follows. In Section [1] we introduce the 
cocycles wj and discuss the dependence of their cohomology class on the con- 
nection V. In particular, we show that they lift to i7^(M, V)-valued cocycles 
if K is exact in the sense that the 3-cocycle C(k)(x, y, z) := k{[x, y], z) on t is 
a coboundary (cf. |Ne09j . |NW08a] ). In the end of this section we introduce 
an interesting class of bundles which are quite different from adjoint bundles 
and illustrate many of the phenomena and difficulties we encounter in this 
paper. 

In Section [2] we analyze the situation for the special case M = §^, where 
F/C is a twisted loop group. It is a key observation that in this case the pe- 
riod map per^ is closely related to the period map of the closed biinvariant 
3-form on K, determined by the Lie algebra 3-cocycle C{k). To establish 
this relation, we need the connecting maps in the long exact homotopy se- 
quence of the fibration defined by the evaluation map ev^ : C°°(R, K)ip — > K, 
/ I— »• /(O). Luckily, these connecting maps are given explicitly in terms of the 
twist if and thus can be determined in concrete examples. Having established 
the relation between per^ and per^j-^), we use detailed knowledge on per^^^^ 
to derive conditions for the discreteness of the image 11^ of per^. In particu- 
lar, we describe examples in which 11^^ is not discrete. For the case where K is 
finite-dimensional, our results provide complete information, based on a de- 
tailed analysis oi'peiQ,^^ for the universal invariant form ^u in Appendix B. 

In Section [3l we turn to the integrability problem for a general compact 
manifold M. Our strategy is to compose with pullback homomorphisms 
7* : F/C — > F(7*/C), where 7: S^ ^ M is a smooth loop, and to determine un- 
der which conditions the period homomorphism of the corresponding twisted 



loop group r(7*/C) only depends on the homotopy class of 7. If this condition 
is not satisfied, then our examples show that the period groups cannot be 
controlled in a reasonable way. Fortunately, the latter condition is equivalent 
to the following requirement on the curvature R{0) of the principal connec- 
tion 1-form 6 corresponding to V and the action L(pe): For each derivation 
D G im(L(p{) o R{9)), the periods of the 2-cocycle ri£){x,y) := K{x,Dy) 
have to vanish. This condition is formulated completely in terms of K and 
it is always satisfied if K is finite-dimensional because 'n'2{K) vanishes in 
this case. If the curvature requirement is fulfilled, then 11^ is contained in 
iy^j^(M, V), so that we can use integration maps H^-^{M,Y) — !► V^ to reduce 
the discreteness problem for fl^^ to bundles over S^. 

The second part of Section [3] treats the lifting problem for the important 
special case of gauge bundles K = Ad(P) and F/C = Gau(P). In this case 
we even show that the action of the full automorphism group Aut(P) on 
TK = gau(P) lifts to an action on the central extension gau(P), defined by u. 
We also give an integrability criterion for this action to central extensions of 
the identity component Gau(P)o. Summarizing, we obtain for gauge bundles 
the following theorem: 

Theorem 0.1 If 7To{K) is finite and dimK < 00, then the following are 
equivalent: 

(1) uji^ integrates for each principal K-hundle P over a compact manifold M 

to a Lie group extension o/Gau(P)o. 

(2) uji^ integrates for the trivial K-hundle P = E>^ x K over M = E>^ to a Lie 

group extension of C°°(E>^,K)o. 

(3) The image o/per^^: t^sIK) —>■ V is discrete. 

These conditions are satisfied if n is the universal invariant symmetric bilin- 
ear form with values in V{t). 

In order to increase the readability of the paper, we present some back- 
ground material in appendices. This comprises the Lie group structure on 
groups of sections of Lie group bundles, a discussion of the universal invari- 
ant form for finite-dimensional Lie algebras, the main results on integrating 
Lie algebra extensions to Lie group extensions and some curvature issues for 
principal bundles, needed in Section O 



Notation and basic concepts 

A Lie group G is a group equipped with a smooth manifold structure modeled 
on a locally convex space for which the group multiplication and the inversion 
are smooth maps (cf. |Mil84j . [Ne06] and |GN09j l We write 1 G G for the 
identity element and \g{x) = gx, resp., Pg{x) = xg for the left, resp., right 
multiplication on G. Then each x G Ti{G) corresponds to a unique left 
invariant vector field xi with xi{g) := Ti{\g)x,g G G. The space of left 
invariant vector fields is closed under the Lie bracket of vector fields, hence 
inherits a Lie algebra structure. In this sense we obtain on Ti{G) a continuous 
Lie bracket which is uniquely determined by [x, y]i = [x/, yi] for x,y E Ti{G). 
We write L(G) = g for the so obtained locally convex Lie algebra and note 
that for morphisms (f: G —* H oi Lie groups we obtain with Li{(f) := Ti{ip) 
a functor from the category of Lie groups to the category of locally convex 
Lie algebras. We write qc'- Go —>■ Go for the universal covering map of the 
identity component Go of G and identify the discrete central subgroup ker qc 
of Go with7ri(G') = 7ri(Go). 

For a smooth map / : M ^ G we define the (left) logarithmic derivative 
in Q^{M,g) by 6{f)vm '■= f{jn)~^ ■ Tm{f)vm, where ■ refers to the two-sided 
action of G on its tangent bundle TG. 

In the following, we always write / = [0, 1] for the unit interval in M. 
A Lie group G is called regular if for each ^ G G°°(/,g), the initial value 
problem 

7(0) = 1, y(t)=7(t).e(t)=Ti(A,(t))e(t) 

has a solution 7^ G G°°(/, G), and the evolution map 
evolG:G°°(/,0)->G, e^7c(l) 

is smooth (cf. |Mil84] ) . For a locally convex space E, the regularity of the 
Lie group {E, +) is equivalent to the Mackey completeness of E, i.e., to the 
existence of integrals of smooth curves 'y: I ^ E. We also recall that for 
each regular Lie group G, its Lie algebra g is Mackey complete and that all 
Banach-Lie groups are regular ( |GN09j ). 

A smooth map exp^ : g — *■ G is said to be an exponential function if for 
each a; G 0, the curve 7x(i) := expQ{tx) is a homomorphism M. —>■ G with 
7^(0) = X. Presently, all known Lie groups modelled on complete locally 
convex spaces possess an exponential function. For Banach-Lie groups, its 
existence follows from the theory of ordinary differential equations in Banach 
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spaces. A Lie group G is called locally exponential, if it has an exponential 
function mapping an open O-neighborhood in q diffeomorphically onto an 
open neighborhood of 1 in G. For more details, we refer to Milnor's lecture 
notes |Mil84] . the survey |Ne06j . and the forthcoming monograph |GN09] . 

If g : £^ — »• 5 is a smooth fiber bundle, then we write TE for its space of 
smooth sections. 

If is a topological Lie algebra and V a topological g-module, we write 
(C"(0, V), dg) for the corresponding Lie algebra complex of continuous V- 
valued co chains ( |ChE48j ). 

1 Central extensions of section algebras of 
Lie algebra bundles 

We now turn to the details and introduce our notation. We write P{M, H, qp) 
for an principal if -bundle over the smooth manifold M with structure group 
H and bundle projection qp: P ^ M. To any such bundle P and to 
any smooth action pi : H -^ Aut(6), we associate the Lie algebra bun- 
dle A, which is the set (P x V)/H of ii-orbits in P x 6 for the action 
h.{p,x) = {p.h~^, pi{h)x). We write [(p, x)] := H.{p,x) for the elements 
of ^ and qsi'. K ^ M, [{p, x)] ^— i> qp{p) for the bundle projection. 

It is no loss of generality to assume that the bundle P is connected. 
Indeed, if Pi C P is a connected component, then q{Pi) = M and Hi : = 
{h E H: Pi. h = Pi} is an open subgroup, so that Pi is a principal ifi-bundle 
over M. Further, the canonical map Pi x ^ -^ .^, [p, x) i— > [{p, x)] is surjective 
and induces a diffeomorphism (Pi x t)/Hi = R. In the following we shall 
always assume that P is connected. This implies that the connecting map 
Si : vri(M) — > ttq{H) of the long exact homotopy sequence of P is surjective. 

Further, let V^ be a Frechet ii-module on which the identity compo- 
nent Hq acts trivially and py: H ^ GL(l^) be the corresponding repre- 
sentation, so that Hq C kei pv and pv factors through a representation 
Py-. TiQ^H) -^ GLiy) of the discrete group ttq^H). Accordingly, the as- 
sociated vector bundle V := (P x V)/H is flat. It is also associated via 
Py to the squeezed bundle Pq := P/Hq, which is a principal 7ro(ii)-bundle 
over M. Due to the flatness of V, we have a natural exterior derivative 
d on the space f]'(M,V) = n'iPo.Vf"^"^ of V-valued differential forms 
and we define n\M,Y) := fi^(M, V)/d(rV) and write its elements as [a], 



a G f2^(M, V). If V is finite-dimensional, then dFV is a closed subspace of 
the Frechet space fi^(M, V), so that the quotient inherits a natural Haus- 
dorff locally convex topology. In fact, in Lemma 13.81 below we construct a 
continuous map r2^(M, V) -^ Z^{ti\{M),V^ (group cocycles with respect to 
the representation pu '■= Pv ° ^i) and show that dFV is the inverse image of 
the space B^{'Ki{M),V) of coboundaries which is finite-dimensional if V is 
so, hence closed in the Frechet space Z^{7ii{M), V). Therefore dFV is closed. 

If pv'(-f^) = PM(7ri(M)) is finite, then M := M / kei pm is a finite covering 
manifold of M and © := ttiIM) / ker pm acts on M by deck transformations. 
We then have (]*(M, V) = n'{M,V)^ and the finiteness of © implies that 
dFV = Bl^{M, V)^, so that dFV is a closed subspace. We therefore assume 
in the following that either pv{H) is finite or that V is finite-dimensional 
to ensure that Q (M, V) carries a natural Frechet space structure (cf. Re- 
mark 13.91) . 

Now let k: i X i -^ V he an if-invariant continuous symmetric bilinear 
map which is also ^-invariant in the sense that 

i^{[x,y],z) = K{x,[y,z]) for x,y,zet 

The if-invariance of k implies that it defines a C°°{M, M)-bilinear map 

Fi^xFi^^FV, {f,g)^n{f,g), n{f,g){p):=K{f{p),g{p)). 

which defines a FV-valued invariant symmetric bilinear form on the Lie al- 
gebra F.^. To associate a Lie algebra 2-cocycle to this data, we choose a 
principal connection V on the principal bundle P and also write V for the 
associated connections on the vector bundles ^ and V. Since H acts by au- 
tomorphisms on 6, its Lie algebra P) acts by derivations, which implies that 
the connection V on .^ is a Lie connection, i.e., 

^x[f,g] = [S/xf,g] + [f,Vxg] for XeV{M)J,gem (2) 

(cf. |Ma05] for more details on Lie connections on Lie algebra bundles). The 
if-invariance of k and the fact that its Lie algebra f) acts trivially on V imply 
that 

d{K{f,g){X))=K{Vxf,9) + <fyxg) for X G V(M), /, <? G Fi^. (3) 

In the following we write d^/ for the .^-valued 1-form defined for / G F.^ by 
(d^/)(X) := Vxf for X G V(M). In the realization of F.^ as C°°(P, t)^ , we 
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have for X e V(P): 

(d^/)(X)=d/(X) + ^(X)/, 

where 6 G ^^{P, f)) is the principal connection 1-form corresponding to the 
connection V. 

Proposition 1.1 The prescription 

u;{f,g):=u^{f,g):=W,d^g)] 

defines a Lie algebra cocyde on T^ with values in the trivial T ^-module 
VL (M, V). //V = V+/3, (3 G Q} {M ^ A({{P)) , is another principal connection 
for which there exists some 7 G V!}{M^^ with 

L(ps) o /3(X) = ad(7(X)) G End(r^) for X G V(M), (4) 

then the corresponding cocycle uj' differs from uj hy a coboundary. 

Proof. From ([3]) we get d(^K{f,g)) = K{d^f,g) + K{f,d^g), so that u is 
alternating. In view of ([2]) and ([3]), we further have 

d{K{[f,g],h)) = K{d^[f,g],h) + K{[f,g],d^h) 

= ^{[d^ f,g],h) + ^{[f,d^g],h) + ^{[f,g],d^h) 
= K{[g, h], d^f) + Ki[h, /], d^g) + «([/, g], d'^h), 

showing that cu is a 2-cocycle. 

If V is replaced by V = V + /5 and (j4]) is satisfied, then 

«:(/, d^'g) = K{f, d^g) + K{f, [7, g]) = K{f, d^ g) + k{^, [g, /]) 

implies that u' —u = drsi{[K{'j, ■)]), where ^(7, ■) is an Q^{M, V)-valued linear 
map on TR. ■ 

Remark 1.2 Since the space Q (M, V) is a quotient of the space Q^{M,Y) 
of V- valued 1-forms, it is natural to ask for the existence of Q^[M, V)-valued 
cocycles on TK lifting tuj. To see when such cocycles exist, we consider the 
continuous bilinear map 

u{f,g):=K{f,d^g)-K{g,d^f), 



which is an alternating hft of 20; J. Its Lie algebra differential is 

eye. eye. 

= diKi[f,g],h)), 

as we see with similar calculations as in the proof Proposition 11.11 

For the trivial 6-module V, we write Syni^(fi, VY for the space of V^-valued 
symmetric invariant bilinear forms, and recall the Cartan map 

C: ^ym'il.VY ^ Z\l,V), C(/c)(x, y, ^) := «:([x,y], z). 

We say that k is exact if C(k) is a coboundary. If C{k) = dii] for some 
r/eC2(e,\/), then 

d{K{[f,g],h)) = d{{d,7^){f,g,h)) = -J2<v{[f,9],h)), 

eye. 

SO that 

^kM^ 9) ■= i^U^ ^^9) - i^{9, ^ f) - d(r/(/, g)) 
is an fii(M, V)-valued 2-cocycle on T^ lifting 2wJ (cf. [NdM Sect. 2]). 

Remark 1.3 If /? G i7^(M, Ad(P)) is a bundle-valued 1-form, then we obtain 
for each X G V(M) a derivation /3j(X) := ptof3[X) of T^ and this derivation 
preserves the symmetric bilinear TV- valued map (/, (7) t— > K,{f,g), so that 

^/3(/,^) ■=i^U^(^9) 
defines an V!}{M, V)-valued 2-cocycle on T^. For V = V + /3, we now have 

Lo' -uj = q^o r]i3, 

where g^ : r2-^(M, V) -^ Q (M, V) denotes the quotient map. This argument 
shows that the dependence of the cohomology class [ojJ] on V is described 
by elements of H^{T^, n^{M, V)). 

We may also consider 77^ as a bundle map .^ x .^ ^ IIom(TM, V), which 
imphes that 77^3 can also be used to define a central extension of Lie algebroids 
(cf. jMi05] l 
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Example 1.4 Of particular importance is the special case where K := H is 
a Lie group with Lie algebra t and p^: K ^> Aut(6) is the adjoint action of 
K. Then ^ = Ad(P) is the adjoint bundle of the principal ii'-bundle P over 
M, r^ = gau(P), and we have the Lie algebra extension 

-^ gau(P) ^ rj^ -^ out(P) = V(P)^ ^ V(Af ) -^ 0. 

Furthermore, the space TV of smooth sections of the fiat vector bundle V car- 
ries a natural V(M)-module structure which we may pull back to an aut(P)- 
module structure for which the ideal gau(P) acts trivially. 

Since L(p{) = ad, Proposition 11.11 implies that in this situation the coho- 
mology class 

M = [a;J]ei/2(gau(P),n'(M,V)) 

does not depend on the choice of the principal connection in P. 



Remark 1.5 If k„: 1^ x I ^ ^(1^) is the universal continuous invariant sym- 
metric bilinear form on 1^ (cf. |MN03j and Appendix [B] below) and 7^ is a Lie 
group with Lie algebra fi, then the universality of Ku implies that K acts nat- 
urally on V{V), and since t acts trivially on V{Vj, the identity component Kq 
acts trivially ( |GN09j : |Ne06l Rem. II. 3. 7]). This implies that the universal 
form Ku satisfies all assumptions required for our construction. For a detailed 
analysis of «;„ and the period map of the corresponding closed 3-form on K, 
we refer to Appendix [Bl 

The aim of this paper is to determine under which circumstances the Lie 
algebra extension defined by the cocycle uj from Proposition II . II integrates to 
an extension of Lie groups. The natural setting for this question is the case, 
where the action pf is induced by a smooth action px '■ H ^ Aut(i^), i.e., 
i^ is a Lie group with Lie algebra I and we have pi = L(pi^). If K is locally 
exponential, then the group of sections F/C of the adjoint Lie group bundle 
/C := (P X K)/H has a natural Lie group structure with L(F/C) = F.^ (cf. 
Appendix |A]). We therefore want to integrate our Lie algebra extension to 
the identity component (F/C)o of this group. 

From [Ne02aj (cf. Appendix ^ we know that the Lie algebra cocycle u 
defines a period map 

per^:7r2(F/C)^n'(M,V), 
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and a necessary condition for the existence of a Lie group extension integrat- 
ing uj is that the image Yi^^ of the period map, the period group, is discrete 
( [Ne02aj . Theorem VII. 9). To obtain information on this period group, our 
strategy is first to take a closer look at the case M = S^ and then to use 
this case to treat more general situations. The much simpler case of trivial 
bundles has been treated in a similar fashion in JMN03J . 

A class of examples 

Example 1.6 Let tt: Q — > M be a compact locally trivial smooth bundle 
with (compact) fiber A^. Then Q is associated to the principal H := Diff (A^)- 
bundle P with fiber P^ := Diff (A^, Qm) with the canonical H action by 
composition. For any locally convex Lie group G, we have a canonical in- 
action on K := C°°{N,G) by (93,7) 1— ;> 7 o ip"^ whose smoothness follows 
from the smoothness of the action of Diff (A^) on A^ and the smoothness of 
the evaluation map of K (cf. [NWOSbj . Lemma A. 2) and we thus obtain an 
associated Lie group bundle K. := P x^ C°°{N, G). The sections of the Lie 
group bundle F/C may be identified with the set G°°{P, K)^ of if-equivariant 
smooth functions P ^ K. 

Proposition 1.7 If G is locally exponential, then the map 

s : C°^(g,G) ^ F/C, Sf{p) = fop, pePm = I)iS{N,Pm) 

is an isomorphism of Lie groups. 

Proof. In local coordinates one easily checks that s actually is an isomor- 
phism of abstract groups compatible with the smooth compact open topology, 
so that it actually is an isomorphism of topological groups. 

If, in addition, G is assumed to be locally exponential, then F/C and 
G°°{Q,G) inherit this property (Theorem lA.ll) . and now the general the- 
ory of locally exponential Lie groups ( [NeOGj Thm. IV. 1.18], |GN09j ) implies 
that the topological isomorphism between these groups actually is a diffeo- 
morphism, hence an isomorphism of Lie groups. ■ 

Remark 1.8 If the bundle vr: Q ^ M in Example 11.61 is an principal H- 
bundle for some compact group H, then the structure group can be reduced 
from the infinite-dimensional Lie group Diff (if ) to the compact subgroup if. 
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because the transition functions of the bundle charts have values in the group 
of left multiplications of H . We then obtain an isomorphism of Lie groups 



s:C°°(P,G)^r/C-C°°(P,ir)^, Sf{p){h):=f{p.h). 

We thus associate to each principal if -bundle Q a Lie group bundle /C with 
fiber K = C°°{H, G). This construction is particularly interesting for H = T. 
Then P is a circle bundle and K = C°°(T, G) is the loop group of G. 



2 Lie group bundles over the circle 

Throughout this section we consider the special case M = E>^ and assume 
that the Lie group K is regular. Then every K-Lie group bundle over §^ 
is flat, hence determined by its holonomy (f G Ant{K). Conversely, every 
automorphism (f G Aut(i^) leads to a Lie group bundle /C^ = M. x^ K over 
S^ with holonomy ip. Indeed, /C^ is the Lie group bundle associated to the 
universal covering ggi : M — >■ S-^ = M/Z by the action oi H := Z = 7ri(S^) on 
K defined by (p. The smooth sections of /C^ correspond to twisted loops: 

r/C^ = C°°(M, K)^ := {/ G C~(M, K) : (Vt G M) /(t + 1) = ^"^(/(t))}. 

From now on we identify TJC^ with C°°(M, K)^^, and write 

for the evaluation homomorphism in 0. On the Lie algebra level, we similarly 
get with {pi = Ij{ip) a Lie algebra bundle ^^^ with 

r%. - C^iR, %, := {/ G C^iR, t) : (Vt G R) f{t + 1) = V~,\f{t))} 

and L(ev^) = cVq. 

2.1 On the topology of twisted loop groups 

In Section [3] we shall reduce the calculation of the period groups for cjj 
essentially to the case M = S^, so that we need detailed information on the 
second homotopy group of twisted loop groups. A central tool is a simple 
description of the connecting maps in the long exact homotopy sequence 



ipi 



defined by the evaluation map cvq for a twisted loop group C^iR.K) 
which is based on the fact that the passage from smooth to continuous twisted 
loops is a weak homotopy equivalence. 
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Lemma 2.1 The image of the evaluation homomorphism ev^ is the open 
subgroup 

fsfl'^l := {k G K: (p{k)k-^ G Kq} = {k E K : kK^ G iToiKY}. 

Proof. For / G ^""(R, K)^, we have /(I) = ¥?-^(/(0)) G /(O)A^o, so that 
the image of ev^ is contained in K^'^y If, conversely, k G K^'^\ then there 
exists a smooth curve a : [0, 1] — > fi' with a(0) = /c, a(l) = ip~^{k) such 
that a is locally constant near and 1. Then f{n + t) := y9~"(a(t)) for 
t G [0, 1], n G Z, defines a section of /C;^ with /(O) = A;. ■ 

Lemma 2.2 The Lie group homomorphism ev^ has smooth local sections, 
hence defines a Lie group extension of K^"^^ by C^(K, K)^ := kerev^. 

Proof. That ev^ has smooth local sections can be seen as follows. Let 
{ip, U) be a chart of K, centered in 1 for which ipiU) is convex. Let further 
h: [0,1] — > M be a smooth function with h{0) = and h{l) = 1 which is 
constant in [0,e] and [1 — e,l]. Let W C U H (p{U) be a 1-neighborhood in 
K. For k E W we then consider the smooth curve 

7^: [0,1] -^ir, jk{t) := tp-'{{l - h{t))ij{k) + h{t)^{v-\k))). 

Then 7^ is constant near and 1, 7^(0) = k, and 7^(1) = f^^ik). We extend 
7fc smoothly to M in such a way that it defines an element on C°°{M,K)^. 
Then the smoothness of the map W —>■ C°°(]R, K)^, k ^—>- jk follows from the 
smoothness of the corresponding map W x M. —>■ K , {k , t) \—>- 'jkit), which in 
turn follows from its smoothness on each subset iyx]n — 6,n + 1 + 6[ (cf 
PN09] l ■ 

Proposition 2.3 The inclusion C°°(M, ii')^ ^^ C(M, A')^ of the smooth 
twisted loop group into the continuous twisted loop group is a weak homo- 
topy equivalence. 

Proof. Let H := fC x^ Z, where the action of Z on A' is defined by 
n.k := ip^{k) for n E 1^ and k E K. We write P^ for the principal if-bundle 
over §^ with holonomy (1, 1) G H. Then 

Gau(P^) - {/ G C°^(R, H) : (Vt G M) /(t + 1) = (1, l)/(t)(l, -1)}, 

and this group contains the twisted loop group C°°(]R, A')^ as an open sub- 
group. According to Prop. 1.20 in |Wo07a] . the inclusion of the smooth gauge 
group Gau(P(p) into the group Gau'^(P;^) of continuous gauge transformations 
is a weak homotopy equivalence, and this property is inherited by the open 
subgroups of A'-valued twisted loops. ■ 
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Corollary 2.4 The inclusion C'^{M.,K)^p ^^ C^,(M, -ft'),^ of the smooth based 
twisted loop group into the continuous based twisted loop group is a weak 
homotopy equivalence. 

Proof. In view of Lemma 12.21 the evaluation ev^ defines a smoothly 
locally trivial fiber bundle C°°(M, i^)^ — > K^'^\ and a similar (even simpler) 
argument shows that the same holds for the continuous twisted loop group. 
Since id^^ and the inclusion C°°(M, i^)^, "^^ C(]R, i^)^ are weak homotopy 
equivalences, the 5-Lemma implies that the same holds for the inclusion 
Cr(K, K)^ ^ a(M, K)^ of the fibers (cf. Prop. A.8 in |Ne02cj l ■ 

We have already determined the image of ev^, showing that the long 
exact homotopy sequence ends with 

. . . ^ 7ri(A0-^7ro(Cr (K, K)^) ^ 7ro(C°°(M, K)^) ^ MKy ^ 1. 

Now we turn to the connecting maps. For that we note that for continuous 
sections, the map 

$(/)(t) := ^-"(/([t])) for te[n,n + l],neZ 

defines an isomorphism of Lie groups. 

Proposition 2.5 For j > 1, the connecting maps 

Sf. TijiK) -^ 7r,_i(C.(M,ir)^) ^ Tij^iinK) ^ TTjiK), 

are group homomorphisms given by Sj{[f]) = [f] — [^p^^ o /]. 

Proof. For the adjoint action of K on itself, this formula is the Samelson 
product with [A;] G 7ro(K) = Bun(§^ K), and the proof in |Wo07bl Thm. 2.4] 
implies the present assertion when applied to K xi^Z instead of K. ■ 

Remark 2.6 (a) We have a short exact sequence 

1 ^ 7Ti{K)^ := TTiiK)/ imMif) - id) ^ 7ro(C°°(M, K)^) -^ noiK^ -^ 1. 
If K is connected, we obtain in particular 7ro(C°°(R, K)^) = 7Ti{K)^. 
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(b) For the evaluation of period maps, important information is contained 
in the short exact sequence 

1 -. -K.iK)^ ^ n2iC^{R,K)^) -^ Tc^iKr ^ 1. 

If TT2{K) vanishes, it follows that the corresponding map 

is surjective. 

Example 2.7 We discuss some examples where (f acts non-trivially on 7T2{K). 
(a) A typical example of a Lie group K for which tt2{K) is non-trivial 
is the projective unitary group PU(?i) of an infinite-dimensional complex 
Hilbert space Ti ( |Ku65j ) . Each automorphism of this simply connected 
group either is induced by a unitary or an anti-unitary map. In fact, the 
simple connectedness of PU(7Y) implies Aut(PU(7Y)) = Aut(pu(7^)), and 
since the Lie algebra u(H) is the universal central extension of pu(7Y) ( |Ne02b 



Example III. 6]), each automorphism of pu('H) lifts to a unique automorphism 
of u(7i), so that 

Aut(pu(H)) = Aut(u(7i:)) ^ K\xU{Q[{n)) = FV{H) x Z/2, 

where the latter isomorphism follows from Prop. 3 in Section 11.13 of |dlH72] 
and Aut* denote the group of all automorphism ip with ip{x*) = (p{x)*. We 
conclude that 

7ro(Aut(PU(7i:))) = Z/2. 

Conjugation with an anti- unitary map induces the inversion on the center 
Tid?^ of U(H), and this implies that the action of 7ro(Aut(PU(7Y))) induces 
the inversion on 7r2(PU(7^)) ^ TTi{Z{U{n))) = Z. 

(b) Another example is the smooth loop group C°°{E>^,C) of a compact 
simple simply connected Lie group C which satisfies 

Its automorphism group is 

Aut(C°^(§\C)) ^ C°^(S\Aut{C)) X Diff(Si) 

(cf. |PS86l Prop. 3.4.2]) whose group of connected components is 

(7ri(Aut(C)) X 7ro(Aut(C))) x Z/2 = {Z{C) x 7ro(Aut(C))) x Z/2, 

hence finite. In particular, any orientation reversing diffeomorphism acts on 
7r2(C°°(§\C)) ^ Z by inversion. 
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2.2 Period maps for twisted loop groups 

Let k: i X i ^ V he a ^-invariant symmetric bilinear form and (pv ^ GL(V) 
(defining a Z-module structure on V) with 

V9y (/t(a;, y)) = K{LpiX, (p^y) for x,y Et. 

We write V := V^^ for the vector bundle over S^ with fiber V and holonomy 
(fv Then the cocycle corresponding to the canonical connection V on /C^ 
defined by d^/ = f'{t)dt is given by 

ujM^9) ■■= W.d^g)] = \ [ <f,g')dt\ e v;, =n\§\v), 

L Jo ^ 

where the last isomorphism comes from the following lemma: 

Lemma 2.8 Let Y be a vector bundle over E>^ with fiber V and holonomy 
ipv G GL(V). Identifying §^ with R/Z, the map 

n\§i,V) = iJ]j,(§\V)^V;^ = coker(v9y-idy), [f ■ dt] ^ \ f f{t)dt 

'-Jo 

for f G rV = C°°(M, V)^y is a linear isomorphism. 

Proof. Write ^ for the vector field generating the rigid rotations of §^. 
Then V(§^) = C°°(§^,M)Jj implies that evaluation in ^ leads to an isomor- 
phism 

fii(§\v) = Homc.oo(si,^)(v(§^),rv) ^rv^c°°(M,\/)^^, 

and under this identification, the canonical covariant derivative is given by 

d^: rV^f]^(§\V), d^f = f". 

We first observe that ii f = g' for some g G TV, then 

1 
fit)dt = gil)-g{0) = ipy\gm-giO) G im(v9^^-idy) = im(v9y-idy), 



and the map is well-defined. If, conversely, / : M ^ V^ is a smooth function, 
representing an element of f2^(S^, V), for which f^ f{t) dt = (fy (v) — v for 
some V E V, then 

g{t):=v+ [ f{r)dT 
Jo 
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satisfies g' = f and 

g{t+l)=v + j f{r)dT + j f{T)dT 

= ^-\v) + ^y\ f f{r)dr)=^y\g{t)). 



This proves injectivity. To obtain surjectivity, choose some 7 : [0, 1] — > [0, 1] 
which is smooth, constant on a neighborhood of the boundary and satisfies 
7(0) = 0, 7(1) = 1 and Jg ■y(t)dt = |. Then, for each v E V, the mapping 
t t-^ (1 — 7(t)) ■ V + 'j{t)ipy^{v) can be extended to an element /^, of TV with 
[J^Mt)dt] = [v]. m 

Remark 2.9 If V^ is infinite-dimensional, we further assume that the image 
of the operator ipv — idy is closed, so that D. {E>^,Yy,^) = V^^ is Hausdorff. 



To study the period map (cf. Appendix C]q 

per,^:7r2(C-(M,K)^)^V;,, 

we first consider the subgroup C^(]R, K)^. Since C°°(R, K)^ is locally expo- 
nential (Appendix A), this is a Lie subgroup with Lie algebra C^(M, fi);^ : = 
kerevQ. To evaluate the period map on 712(0'^ {R,K)^), we note that on 

^M^9)-= [ >^{f,g'mdteV 
Jo 

defines a Lie algebra cocycle. In fact, integration by parts shows that it is 
alternating, and with Remark 11.21 we obtain for f,g,h& C^(]R, 6),^ 

-{duM^9,h)= f K{[f,g],hy = K{[f,g],h){l)-K{[f,g],hm = 0. 
Jo 

The following lemma reduces the period map of u;^ (cf. Appendix [U]) to 
the more accessible period map peY^(^i^y : tts^K) -^ V oi the closed 3-form 
C{K,y on K which is studied in detail in Appendix [B] for dimi^ < 00. 



^Note that we do not have to impose any completeness condition on the quotient space 
Vlp^r to make sense of the period integrals because they can be calculated as F-valued 
integrals. 
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Lemma 2.10 Identifying tt^^K) in the canonical way with the group 7C2{^K) '- 
n2iC^iR,K)^), we have 

More generally, if a: S"^ ^ C°°(M, K)^^ is a smooth map and a: WxS"^ —>■ K 
defined by a{t,m) := a{'m){t), then 

Per.,(M) = ^[/ a*CiKy]. (5) 

Proof. It suffices to verify that the V^-valued Lie algebra 2-cochain 
^</.(/, 5-) := I lo i^U, 9') - i^i.9, f) dt satisfies 



^l = \l ^*C{k)K 



^ ^[0,l]xS2 

Since homotopy classes may be represented by smooth maps |Ne02al Sect. A. 3], 
both assertions follow from that. 

First we note that a also defines a smooth curve in a G C°°(]R, C°°(S^, K)) 
by a{t){m) := a{m){t). We then identify its logarithmic derivative S{a) with 
a smooth curve with values in L(C°°(§^ K)) = C°°(§2, t), so that d5{a) is a 
smooth curve with values in f2^(S^, t). 

We consider 6a G n^{E>'^,C^{R,t)^) ^ C°°(M, fii(§2, !)) as a smooth 
curve with values in f2^(S^,6) in the obvious fashion. Using the fact that 
6a ^Q^(Rx S^,6) satisfies the Maurer-Cartan equation 

d6a + -[6a, 6a] = 0, 

the derivative of this curve can be calculated by evaluating it on some smooth 
vector field Xg V(§2): 

i6a)'{X) =Cji{6^{X)) = (Cji6a){X) = (ijid6a + dt^6^){X) 

dt ^ dt \ dt dt J 

= (- -z^[55,5?] +d5(a))(X) = -\6a{-^,6a{X)\^d6{a){X) 
= -[6a,6a{X)]+d6{a){X) = {d6{a) + [6a,6a]){X). 
This proves that 

{6a)' = d6{a) + [6a, 6a] G C°°(M, Q\S\ t)), (6) 
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Using the Maurer-Cartan equation for Sa, we further get in C°°(]R, r2^(S^, t)): 

5a A«; {5a)' = 5a A^, d5{a) + 5a A^ [5a, 5a] = 5a A^, d5{a) + [5a, 5a] A^ 5a 
= -d{5a Ak 5a) + d{5a) A«; 5a + [5a, 5a] A^ 5a 

= —d{5a Ak 5a) — -[5a, 5a] A^ 5a + [5a, 5a] A^ 5a 

= —d{5a Ak 5a) H — [5a, 5a] A^ 5a 
= -d{5a Ak 5a) + C{K){5a, 5a, 5a) 



and hence 



1 '■^ 



uj;„ = I ujip{5a,5a) = - / / 5a A^ {5a)' dt 

\l f C{K){5a,5a,5a)dt = l- f a*C{Ky. 

2 Jo is2 2 i[o 11x82 



For the last equahty we have used that a*C(/t)' = C{K){5a, 5a, 5a) dt, which 
is most easily verified by applying both sides to triples of tangent vectors of 
the form {-^,v,w) for v,w G Tm(S^). ■ 

The preceding lemma shows in particular that the period homomorphism 
per- does not depend on the pair {ip, ipy). 

Example 2.11 It is instructive to take a closer look at the example K = 
SU2(C). We realize SU2(C) = S^ as the group of unit quaternions in HI and 
write K,{x, y) = —^ tr(ada; ady) for the normalized invariant symmetric bilin- 
ear form, satisfying k{x,x) = 2||a;|p for each x G SU2(C) = spanj^jJ, J, i^}. 
For the basis elements I,J,K, we then have k,{[I, J],K) = 2k{K,K) = 4, 
so that the left invariant 3-form defined by C {k.) {x , y , z) := K{[x,y],z) on 
SU2(C) = §^ is 4/is3, where /igs is the volume form of S^. It follows in 
particular, that 

per^(,)K[id/.]) = / C{k)' = Ayo\{S') = Sn'. (7) 

20 



On the other hand, it has been shown in [PS86J (see also the calculations 
in Appendix Ila to Section II in |Ne01j ) that ^'n.^i^ = nj_^^ = 27rZ for 
^K '■= ^id, SO that 

In view of the preceding lemma, this is a direct consequence of ([7]). 

Let qv'- V ^ V^y denote the projection map. Then the cocycle u^ satis- 
fies 

qv oLj^ = L{l)*uj^, 

where l: C^(M, i^);^ "—>■ C°°(]R, i^)(p denotes the inclusion map. Therefore 
Remark IC.2I yields 

Per^^ °7r2(0 = perL(,).^^ = qv ° per-^ = Qv ° perc(K) • (§) 

If 7C2{K) vanishes, then tt2{l) is surjective (Remark 12. 6p and we thus obtain: 

Theorem 2.12 If TC2iK) vanishes, then 11^^ C gy(im(per(^(^))). 

As a consequence, we obtain for finite dimensional groups with The- 
orem IB. Ill and Cartan's Theorem that Ti2{K) vanishes in this case (Re- 
mark IB.SP . 



Corollary 2.13 If K is finite- dimensional, V = V{t) and k, = k^ is univer- 
sal, then the period group U^ is discrete. 

We now present an example where the period group depends significantly 
on the connection V. 



Example 2.14 We consider the special case of Remark II. 8 1 where 

7r: g = T2 -^M = T = R/Z, 7r(t, s) = s, 

H = T and K = C°°{T, G) for a compact simple Lie group G. Then F/C = 
C<^(j2^ G) and /C ^ T X K is a trivial bundle. 

To a positive definite invariant symmetric bilinear form Kq on g, we asso- 
ciate the invariant bilinear form 

<f,9)--= [ n,{f{t),git))dt 
Jo 
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on t. The group H = T acts on K, resp., t, by composition, and the action 
of the Lie algebra P) = M is given by Df = f, which leaves k invariant. The 
Lie algebra cocycle 

VD{f,9):=n{f,Dg)= [ K,{f{t),g\t))dt, 

Jo 

on t is universal (cf. |PS86] ). In particular, the period homomorphism 
per,^ = ^ per^(,^) : 7f2{K) = n,{G) = Z ^ M 

is non-trivial. 

The covariant exterior derivatives on the trivial bundle P = S^ x H take 
on T^ = C^{T, t) ^ C°°(T2, g) the form 

for some h G C°°(T, M), determined by V. Accordingly, the cocycle cuj 
decomposes as 

^J(/,^)=/ i^Ui^)ds+ j h{s)K{f,—)ds. 



^o{f,g)-= ri{f,g):= 

To calculate the period maps for the cocycles 

f^ [^ dg [^ [^ dg 

^o{f,9)= / i^s{f^-g^)dsdt, ri{f,g)= / h{s)Kg{f,—)dsdt, 

we express them in terms of the universal cocycle 

dg dg 

^uif, g) = [s(/' d^)] = [s(/' -Q^) ^t + Kg{f, — ) ds] 

of r.^ = C°°(T^,0) with values in Vl (T^,R). If Kg is suitably normalized, 
the period group of this cocycle is 11^^ = Z[dt] + Z[ds] ( [MN03J ). We further 
find with Remark IB. 81 

7r2(C°°(T2, G)) = TT2iG) © 7r3(G)2 © n^iG) = 1?® tia{G) 
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(cf. |MN03l Rem. 1. 11]), and in these terms 

peY^^{m,n,u) = m[dt] + n[ds]. 

If 7t(s) = 7'^(t) = (t, s) describes the vertical and horizontal circles in T^, 
then 

^oi f,g) = / ^yt °^uif,g)dt, 

Jo 
where X^Ja] := /gi 7i*a, so that the period map is given by 

per^jj(m, ra,M) = / I^^ oper^^{m,n,u) dt = / ndt = n. 
Jo " Jo 

Similarly, 

Vif, 9) = h{s)I-ys ° ^uif, g) ds, 
Jo 

and its period map is 

peT^{m,n,u) = / /i(s)Xy^ per^^ (m,n,M) (is = / h{s)mds = m I h{s)ds. 
Jo " Jo Jo 

This implies that the period group 

n^ = Z + Z ■ / h{s) ds 



is discrete if and only if the integral J^ h{s) ds is rational. 

Remark 2.15 We have seen in Remark 12.61 that for a twisted loop group 
L^K := C°°(]R, i^);^, if G Aut(i^), the group TC2{L^pK) is determined by a 
short exact sequence 

1 ^ TtsiK)^ -. rr2{L^K) -^ ^^{KY ^ 1- 

Accordingly, the period group n^_^ can be determined in a two-step process. 
The restriction to T[^{K)^p is, up to the factor i, the period map 

Percw,^: 7^3(7^)^ -> V^^, [a] ^ [perc(^)(a)] 

obtained by factorization of per,^^^). If IIc(k),ip ^ V^^ denotes the image of 
this homomorphism, then per^ factors through a homomorphism 

per^: 7T2{KY -^ V^y/Uc(^),^ 

whose image determines the period group 11^ as its inverse image in V^^. 
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The following example shows that both parts 7r3(i^)^ and 712 (-ft') "^ may 
contribute non-trivially to U^ and that the period group depends seriously 

on (p. 

Example 2.16 (a) Let G be a simply connected simple compact Lie group 
and K := C°°(S\ G) be its loop group. 
Let 

ifK = (Kij) E Ant{K) = C"^(§\Aut(G)) x Diff(§^) 

(cf. |PS86i Prop. 3.4.2]). Here Aut(i^) actually carries a natural Lie group 
structure and the automorphism ipv oi V = M. induced by ipx for which the 
form /€(/, g) = J^^ Kg{f{t),g(t)) dt is invariant is ± idy^ depending on whether 
ip preserves the orientation of §^ or not. We also note that 

7ro(C°°(§\AutG')) ^ 7ri(AutG') x 7ro(AutG') ^ Z{G) x vrolAutG) 

is a finite group and that the subgroup 

TTolC^^^lSSAutG)) ^ 7ri(AutG') 

acts trivially on all higher homotopy groups of Gjj hence in particular on 
T^^iG) = 712 (-ft'). Moreover, Aut(G') preserves the Cartan-Killing form Kg 
of Q, hence fixes the associated closed invariant 3-form, so that de Rham's 
Theorem implies that it also acts trivially on 7r3(G). 

For (fv = — idy we obtain in particular V^y = {0}, so that all periods 
vanish. In the latter case, the natural identification of vr2(-ft') with 713(6*) 
shows that ipx acts as — id on 7r2(-ft') = vr3(G') = Z, so that 7r2(-ft')'^ = {0}. 

If (fv = idv, then V^y = V = M. and ip is orientation preserving. Then 
the action of ipK on n2{K) = 773 (G) = Z is trivial. The action of ipx on 
7r3(-ft') = 7r3(G) © ttaIG) is trivial on the first factor (coming from constant 
functions) and 714(6") is finite, so that 7r3(-ft')<^ is of rank 1. Now the same 
arguments as in Example 12.141 show that 7[2{L^K) is of rank 2 and both 
summands contribute to 11,,,. 



•^Here we use that if a topological group acts on a space M, then the corresponding 
action of tti{G) on TTk{M, xq), k > 1, is always trivial. One finds the special cases where G 
acts on itself by the multiplication map in [Hu59| . Prop. 16.10. The general case is proved 
similarly. 
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3 Corresponding Lie group extensions 

We now determine in which cases the central extension F^ defined by the 
cocycle a;J integrates to a Lie group extension. To this end we analyze its 
period group U^^ := im(per^^v) and determine whether the adjoint action of 

r/C lifts to an action on TR (cf. Appendix [Cl and |Ne02aj ). Throughout, M 
denotes a compact connected manifold. 

3.1 On the image of the period map 

Throughout this section, we fix a base point po & P and put ttiq := qp{po)- 
We also assume that the Lie group H is regular. 

It is convenient to consider an intermediate situation given by a covering 
manifold qm'- M ^>- M, defined as follows. Let (5i : 7ii{M) — >• 71q{H) denote 
the connecting map from the long exact homotopy sequence of the principal 
if -bundle P that we used to define /C. We write 

py=pyo6i: 7ii{M)^GL{V) 

for the corresponding puUback representation of iti{M) on V and put M : = 
M/kerpv- Then M is a covering of M with 7Ci{M) = kerpv, and its group 
of deck transformations is D := ni{M)/ni{M) = pv{7ii{M)). 

Since P is connected, the connecting homomorphism Si is surjective and 
the squeezed bundle P/Hq is a covering of M associated to Si, hence equiv- 
alent to M X5^ r[o{H) = M/keiSi. This implies that 

P/ ker pv = {P/Ho)/kei py ^ M/ ker pv = M. 

Remark 3.1 For the open subgroup Hy := kerpy of H, we may also con- 
sider P as an principal iiy-bundle q: P ^ M . If V := ^/V denotes the 
pullback of V to M, it follows that V = PXp^|^^1/^Mx1/isa trivial 
vector bundle, which leads to a natural map 

In the following our first step to the understanding of the period group 
oi uj := u'^ is to investigate when it is contained in the subspace H^i^{M, V) 
of fi (M, V). If this condition is not satisfied, then one may not expect any 
simple criteria for discreteness, as the Examples 13.201 and 12.141 show. 
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Definition 3.2 (a) Fix a connection V on the principal if-bundle P. For 
any smooth loop a : [0, 1] -^ M, based in rriQ G M, we define its holonomy 
Hpg{a) E H a.s follows. Since H is assumed to be regular, the curve a has a 
unique smooth horizontal lift a: [0, 1] — >■ P starting in po (cf. |KM97] ). and 
since a(l) and a(0) are both mapped to a(0) = a(l) = mo, there exists a 
unique element T-Cpij{a) G H with 

a(l) = a(0).7-^po(a). 

Changing the base point leads to the relation 

'Hpo,h{oi) = h'^Hpo{a)h, 

so that the holonomy depends on po- Since we keep the base point po fixed, 
we may also write H{a) := Hpg{a). If a: R — ^ M is a 1-periodic map with 
a{0) = mo, representing a smooth loop M/Z -^ M, then we put T-C{a) : = 

^(a|[o,i])- 

(b) We identify the group F/C and the Lie algebra F^ with the corresponding 
spaces of if-equivariant maps C°°{P,K)^, resp., C°°{P,t)^ . 

Any smooth 1-periodic map a : M ^ M lifts to a unique smooth horizon- 
tal curve a: M — >■ P satisfying 

a{t + l) =a{t).n{a) 

for each t G M (both sides define horizontal curves and coincide in t = 0). We 
put (^^ := PkO^{.o)) and y?^ := L((y9^). Then we obtain a homomorphism 
of Lie groups 

and of Lie algebras 

a; = l.{al) : V^ ^ C°°(M, fi)^., f ^ f oa. 

(c) As before, we realize r2^(M, V) as the space V!}{P,V)^ of iif-invariant 
basic V"- valued 1-forms on P. For each smooth loop a in ttiq we put ^py : = 
pv{Ti-{oi)). For each if-equivariant smooth function /: P -^ V we then have 

a*d/ = /(a(l)) - /(S(0)) = 'H{a)-\f{a{Q)) - f{a{0)) 
G im((v9y)~^ - idy) = im(v?y - idy). 
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Therefore we have a well-defined integration map 



7^1 



J„ : n (M, V) -> V^. = coker(^° - id^ 



m 



a*e 



(d) Let q: P —^ M he the bundle projection and Sm '■= qo a. This is a 
piecewise smooth (continuous) lift of a to the covering space M, starting in 
the base point fho := q{po)- Since the fibers of g are the orbits of kerpy, the 
condition (py = idy is equivalent to the path Sm being closed. If this is the 



case, then X^ has values in \4, 



V. 



Remark 3.3 Let cji^^ denote the canonical V^^^-valued cocycle on C°°(]R, t)^ 
(cf. Subsection Q-'' For the horizontal lift S: M ^ P and f e TR = 

C^{P,i)", we have 



(d^/)(S'(t)) = d/(a'(t)) = (/oa)'(t). 



Therefore 

(L(S;,)*a;^.)(/, 



n{f o S, ((7 o a)') dt 



a*K{f,d^g) 



= U[K{f,d^g)]). 
We thus obtain the important relation 

L(a^)*a;^g. =IaOuj, 
and with Remark IC.2t this leads to 

la o per^ = perj^„^ = per,^ 07^2(0;^) 



(9) 



(10) 



Remark 3.4 Let F : [0, 1] x §^ — ;> M be a smooth map which is a homotopy 
of loops based in rriQ. Then 

f3:[0,l]^H, f3{t):=n{For'niFt) 

is a smooth curve starting in 1. If F is chosen to be independent of the first 
variable on a neighborhood of {0, 1} x S^, then f3 is constant on a neighbor- 
hood of {0, 1}, so that it can be extended to a smooth map 



/?: 



H with P{t + 1) = n{Fo)-^p{t)n{Fi) for t G M. 
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For i = 0,1, put (fi := pxiTi-^Fi)). Then 



$^ : C^(R,K)^, ^ C^{R,K)^„ <|.^(/)(t) = (/3./)(t) := p;,(/3(t))(/(t)) 

is an isomorphism of Lie groups. The corresponding isomorphism on the Lie 
algebra level is similarly given by (L($^)^)(t) = pi(/9(t)).^(t). The curve 
ipv,t '■= Pvi'H^Ft)) in GL(l^) is constant because Hq acts trivially. We may 
thus put ipv '■= ^pv,t, and the target spaces of the cocycles 



^^,if,9) 



K{f,g')dt 



eK 



Vv 



on C°°(]R, K)^- coincide. Unfortunately, 0;^^ does not coincide with L($^)*a;^g. 
Instead, the product rule (Pg)' = (3.{5{l3).g) + Pg' , and the i^o-invariance of 
n show that 



{\.{^pyu^,-u^,)U,g) 



K{f,5{(3).g)dt 



Here we identify f2^(M, I)) with C°°(]R, P)), so that 5{(3) is interpreted as a 
smooth P)-valued curve. 

(b) li qv'- V ^ V^y denotes the projection map, this means that 



L(<^/3)*^^o - ^v>i =1V° VS{f3), 



(11) 



where we put 



r/,(/,^):= [ K{f,j.g)dt for 7 e C°°([0, 1], [)). 
Since f) preserves n, each i]^ is a K-valued 2-cocycle; actually 

V-y= V-y{t) dt for r]^(^t){x,y) := K{x,-f{t).y), r]^(^t) e Z'^{l,V). 
Jo 

(c) Let < e < |. In C^{R, K)^^ we write C^{R, K)^^ for the subgroup 
of those maps vanishing on the interval [—s, e\ . From Corollary 12.41 it easily 
follows that the inclusion of C^(M, K)^p^ into C^(M, i^)^;^is a weak homotopy 
equivalence. On the other hand, restriction to [0, 1] and periodic extension 
yields an isomorphism of Lie groups 



cn^^Kx. 



Cf( 



l,K),^. 
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Further, the isomorphism $(/3) induces an automorphism of C^{M.,K)id. 
With Pt{s) := P{st), we even obtain by $(/3i) a smooth family of auto- 
morphisms of C^(]R, i^)id connecting $(/?) to the identity. Therefore $(/?) 
induces the identity on 7r2(C^(M, i^)id), and Lemma [2.101 imphes that the 
period maps of tD^j and L(<l>/3)*a'<^Q coincide. We conclude that the period 
map of the cocycle ris(/3) vanishes on the image of 7r2(C^(]R, K)^-^). If, in ad- 
dition, TT2{K) vanishes, then the long exact homotopy sequence of the map 
ev^ shows that the period map of qv o ris([3) vanishes. 

Lemma 3.5 Let ai: S^ — > M, z = 0, 1, he two smooth homotopic loops in 
mo e M and [3\ [0, 1] — > i7 a smooth curve in H obtained from a smooth 
homotopy of a^ and ai as in the preceding remark. Then the two morphisms 
of Lie groups 

are homotopic. 

Proof. Let F: [0, 1] x S^ ^ M be a smooth homotopy with F, = a^ 
for i = 0,1, and assume w.l.o.g. that F is constant in a neighborhood of 
{0, 1} X §1. Define (3 as above. For / g F/C ^ C°°{P, K)" , we have 



($^ o at)(/)(t) = /3(t)./(ai(t)) = /(Si(t)./3(t) 



-i\ 



so that it suffices to see that the curves a^, ai.[3~^ : [0, 1] — > P with the same 
endpoints are homotopic with fixed endpoints, which is equivalent to the 
existence of a homotopy between a.Q.(5 and Si. 

The homotopy F can be lifted to a smooth map F: [0,1] x M ^ P 
such that the curves Ft are horizontal lifts starting in the base point po. 
Then Fi = a^ for i = 0,1. If jl denotes composition of paths and ~ the 
homotopy relation, then the restriction of F to the boundary of [0, 1]^ shows 
that «! ~ aotl(So(l)-/3) ~ ao.(3. ■ 



Putting all this information together, we now see with iQ, ( TTOl) and (TTT 
how Xqj o per^ and lao o per^ differ: 

la, oper^ = per 0712(0^) = perL($„)*^„„ oTr^ial) - per o7r2(at) 



"vi 



per^^^ 0712(^(3 o al) - qv o per^^^^^ o7r2(at) 
Per^^o O7r2(ao) - qv o per^^^^^ o7i2{al) 
^ao o Per^ -qv ° per^,(^) oT^2{al). 
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Proposition 3.6 Let 6 G r2^(P, {)) be a principal connection form corre- 
sponding to the connection V and R{0) = d^ + ^[0,9] G Q'^{P,[)) be its 
curvature. Then the homomorphisms 



Xa o per^v : 7r2(r/C) -^ V^ 



vv 



depend for each smooth loop a in mo only on the homotopy class [a] G 
7ii{M,mo) if and only if for each derivation D G im(L(pe)o-R(^)); the periods 
of the cocycle riD{x,y) := K,{x,Dy) on t are trivial. 

Proof. Suppose first that for each derivation D G im(L(pf) o R{6)), the 
periods of tjd vanish. Let F: [0, 1] x S^ — i> M be a smooth homotopy of the 
loops Fo and Fi based in mo. We lift F to a smooth map F: [0, 1]^ -^ P 
such that the curves Ft = F{t, ■) are horizontal, start in the base point po and 
define the smooth curve f3: [0,1] ^ H hj Ft{l) = Fo{l).(3{t). This implies 
that 

sif3)t = e{j^Ft{i)) = {F*e){^^){t,i). 

Since the curves Ft are horizontal, F*9{-^) = 0, which leads to 
so that we arrive with {F* 9) {■^) (t , 0) = at 

mt = (^*^)(|)(^' 1) = /' (^*^w) (^' I) (t^ ^) d^- (12) 

We have to show that the periods of f]s{i3) vanish. As we have just seen, 
S{f3)t = /q D{s,t)ds holds for a smooth family D{s,t) of derivations of t 
for which the periods of riD(t,s) are trivial by assumption. Now the assertion 
follows from 

il5{P) = / '^KH)t dt= / VD{s,t) ds dt, 

Jo Jo Jo 

so that 

PeV,)(M) = y^ J^ peT^^^^Jevfoa]dsdt = 0. 
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Now we prove the converse. To this end, we consider a family (at)o<t<T of 
smooth loops in tjiq with Oq = rriQ (the constant loop) for which the holonomy 
P(t) = 7i{at) satisfies 

/3'(0) = and [3"{'d) = D:=2R{e)p,{w,v) 

for two horizontal vectors v,w & Tp^^{P). Since each loop at is contractible, 
the corresponding operator ify on V is idy (cf. Appendix [D]). From the 
assumption and Remark 13.41 we now obtain that the cocycle 

r]{T) := r]s(p) = / r/5(^), dt 
Jo 

has trivial periods for each T > 0. As a function of T, we have r]'{t) = i]s(^i3)^, 
rj'{0) = and 77"(0) = r7^"(o) = Vd, so that all periods of rjc must be trivial. 



Corollary 3.7 The homomorphism laoper^ depends for each smooth loop a 
only on the homotopy class [a] G 7ri(M, rrio) if one of the following conditions 
is satisfied: 

(a) TT2{K) is a torsion group. 

(b) t = i) and p^ = ad. 

(c) The connection V on P is flat. 

Proof. (a) follows immediately from Proposition 13.61 because toT'n'2{K) 
lies in the kernel of each period homomorphism. 

(b) For each inner derivation D of i, the cocycle r]£, is a coboundary, so 
that its period map vanishes ( [Ne02al Rem. 5.9]). Therefore Proposition 13.61 
applies. 

(c) Proposition 13.61 applies because R{0) = 0. ■ 

Lemma 3.8 Let fho E M be a base point and realize fl^{M,Y) as the space 
Q^{M, VY'^^^^^ and identify 7ii{M) with the group of deck transformations of 
M, acting from the right. Then the map 

v]/: Hl^{M,Y) ^ H\7f,{M),V), ^{[6]) = [^,], ^^(7) := / 

J mo 

is a linear isomorphism. 
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Proof. The existence of the isomorphism \I/ follows from |CE56l p. 356]. 
Here we briefly argue that it is given as above. Let fe G C°°{M, V) be the 
unique function with dfg = 9 vanishing in ttiq. From the observation that 
i^dil) = l-fe — /e is a constant function, it follows that ipo is a 1-cocycle and 
that [V'e] only depends on the cohomology class [6]. 

If ^([^]) = [^q\ vanishes, then there exists some v eV with 

V^e(7) = l-fe - fe = 1-v - v. 

Then fg — v is 7ri(M)-invariant, so that [6] = [d{f0 — v)] = 0. Therefore ^ is 
inject ive. 

To see that \1/ is also surjective, let x ^ Z^{7ii{M),V). We consider the 
corresponding affine action of 7ri(M) on V, defined by ■y*v := Pv (j) ■'v — xil) ■ 
Then the associated bundle B := (M x V)/7Ti{M) is an affine bundle over 
M. Using smooth partitions of unity, we see that this bundle has a smooth 
section s: M —>■ B. We write s as s{qM{m)) = [{m, f{m))] for some smooth 
function /: M —* V. Then [(m.7, /(m.7))] = [(wi, 7 * f{m.'~f))] implies 

/(m) = 7 * /(m.7) = pv{-f).f{m.-f) - xil) = {l-f){m) - xil), 

so that xil) = 1-f ~ f and thus x = V'd/- ■ 

Remark 3.9 If B^{ni{M),V) is a closed subspace of Z'^{tti{M),V) with 
respect to the topology of pointwise convergence, then it follows from the 
proof of the Lemma 13.81 that d(C°°(M, V')'^^*^^^)) is a closed subspace of 

fl^(M, VY'^^^\ but in general this is not clear. 

If dim\^ < 00, then B^{7ri{M), V) is finite-dimensional, hence closed, so 
that the quotient space H'^{7ii{M),V) = H^^{M,Y) is Hausdorff. 

Remark 3.10 There are compact 3-manifolds M whose fundamental group 
contains normal subgroups which are not finitely generated. In fact, by 
van Kampen's Theorem, the fundamental group of the connected sum M 
of four copies of S^ x S^ is the free group on 4 generators. In VA.23(iv) of 
[dlHOO] one finds an example of a group with four generators which is not 
finitely presented. This implies that the normal subgroup R of tti{M), the 
free group on four generators, generated by these relations is not finitely 
generated. Therefore M/R is a 3-manifold whose fundamental group R is 
not finitely generated, although M/R covers the compact manifold M. 
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Proposition 3.11 For each a G C°°(S^, M), the homomorphism 1^ o per^ 
depends only on the homotopy class [a] G7ri(M, mo) if and only if 

Proof. We realize n^{M,Y) as the space ^^(M, I/)"" of D-invariant V- 
valued 1-forms on M. Let cxm denote the image of the horizontally lifted 
curve a: [0,1] ^ P in M = P / ker py and observe that for two homotopic 
loops ao and ai in mo, the curves q?i,m and q?2,m are homotopic with fixed 
endpoints. 

If, conversely, /3o,/5i: [0,1] — * M are two smooth curves starting in mg 
which are homotopic with fixed endpoints, such that the curves ai := ^m° Pi 
are closed, then Pi = O-i^M for ^ = 1,2. 

Since M = Pj ker py is connected, the homomorphisms Xq, o per^ depend 
only on the homotopy class of a if and only if each element \§\ G Iltj C 
n^(M,V) C fii(M,l^)» has the property that the integral Z^(\Q\) = j^^d 
only depends on the homotopy class of um with fixed endpoints. This is 
equivalent to the 1-form 6 being closed, i.e., [6] G H\-^{M,\). ■ 

Remark 3.12 If the group D is finite, then the fixed point functor iJ°(D, ■) 
is exact on rational D-modules, so that 

Hl^{M, V) = Zl^0l Vf/d{C^(M, Vf) ^ 

= Zl^iM, Vf/B\^{M, Vf = H^M, Vf. 

Since D = 7ii{M)/7ri{M) is finite and V is divisible, the surjective map 

Hl^{M, V) = Hom(7ri(M), V) -^ Hl^{M, V) = Hom(7ri(M), V) 

is a linear isomorphism, and we thus obtain 

H'^^iM, V) - HUM, Vf - HUM, Vf - H^M, V"). (13) 

Remark 3.13 For M = S^ = R/Z and the m-fold covering M := R/mZ = 
§1, we have © ^ Z/m and H^M, V) ^ H^M, Vf ^ V^. 

Theorem 3.14 (Reduction Theorem) Assume that J]) is finite and thatU^^ C 
if^j^(M, V). Then U^j is discrete if this is the case for each n^„, with uOa : = 
cj^. foraeC°^{^\M). 
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Proof. Since D = 7ri(M)/7ri(M) is finite, there exists a number A^ G 
N such that the image of the homomorphism Hi{M) -^ Hi{M) contains 
A^ ■ Hi{M). Suppose that Hi{M) is finitely generated of rank r. Then the 
Universal Coefficient Theorem, combined with de Rham's Theorem, yields 

HIj^{M, V) ^ Hom(ifi(M), V) ^ V. 

As we have seen above, there exist smooth loops ai G C^(S^,M), i = 
1, . . . ,r, whose images in Hi{M) form a Q-basis of Hi{M) ® Q. We then 
obtain the concrete linear isomorphism 



UJ , 

1=1,. ..,r 



By f lTOl) . ^(Jluj) C ni=i na;^. , where the right hand side is a discrete subgroup 
of l^''. Therefore 11^ is discrete. ■ 

Remark 3.15 The assumption on D to be finite in the previous theorem 
was needed to ensure that the map 

is an isomorphism. The argument also works if $ is inject ive and Hi{M) 
is finitely generated. The kernel of $: H^{7ii{M),V) -> Hi{7ii{M),V) is 
the image of the natural map H^{3,V) —>■ H^{tti{M),V), hence vanishes 
whenever H^{B,V) = {0}. 

For a finite-dimensional orthogonal representation of D on V, this is the 
case if D has Kazhdan's property (T) ( |Pa07l Prop. 7 and Prop. 31]). 

Combining the Reduction Theorem with Corollary 13. 7[ leads to: 

Corollary 3.16 //© is finite, K = H and R = Ad(P), then U^ is discrete 
if this is the case for each 11^^, a G C°°(S\ M). 

Theorem 3.17 If n2{K) vanishes, then the following are equivalent: 

(1) Ui^ is discrete for each compact manifold M and each connection V, 

provided the group D = pv{H) is finite. 

(2) n^ is discrete for the trivial bundle over §^ and the canonical connection. 
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(3) The period group IIc{k) of the 3-cocycle C{k) of t is discrete. 

Proof. The equivalence of (2) and (3) follows from Lenima [2.10[ so that 
it remains to derive (1) from (2). If 7r2(-ft') vanishes, then Lemma UTTU] further 
implies that the period group of any cocycle Ua, a E C°°(E>^, M), is discrete 
if and only if this is the case for IIc{k)- Now the Reduction Theorem 13.141 
applies. ■ 

With Corollary 12.131 we also get: 

Corollary 3.18 If i is finite- dimensional, V = V{i), k = Hu is universal, 
and D is finite, then the period group of the cocycle tuj is discrete for any 
connection V. 



Remark 3.19 If K is finite-dimensional and 1-connected, then H := Aut(]&) 
= Aut(i^) has finitely many connected components because Aut(6) is a real 
algebraic group ( |OV90] ). 

If V%t) := V{t)/deT{t).V{t) = V{t)/dei{t).Vo{t) denotes the quotient 
space, then the corresponding form k,^: txt^V^{t) is the universal der(6)- 
invariant symmetric bilinear form. Then k^ is invariant under Aut(6)o and 
7ro(Aut(6)) is finite. Since the period groups of C{ku) and C(k°) coincide 
(Theorem lB.lip . Theorem 13 . 1 71 implies that the period group n^^ ^ is discrete. 



Example 3.20 Now we show that 11^; is not always contained in if^j^(M, V). 
We consider a trivial bundle JC = M x K and if = M, so that [) = M acts 
on fi by a derivation D G (derl^),; and the bundle V is trivial. We then write 
any covariant exterior derivative as 

d^f = df + /3-Df, fen\M,R) 

for some /? G Q'^(M,M), and, accordingly, u = uq + tj^ = ujq + jS-tjd- Since all 
periods of cuq are contained in ifjj^(M, V) (Corollary 13. 7( d)). 11^ is contained 
in H^j^{M, V) if and only if this holds for the period group of r^^. 

On S^, each 1-form is closed, so that we consider M = T^. Then the 
range of 

per^^ = (3 -pei^^: 7r2{K) ^ n\M,V) 

does not lie in the space of closed forms if /3 is not closed and per^^ is non- 
trivial, which is the case for K = C°°(S^,0), g simple compact and Df = f 
(cf. Example EOlD. 
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3.2 Integrating actions 

In this section we show that for any principal ii'-bundle P {K locally ex- 
ponential), the action of the Lie group Aut(P) of bundle automorphism on 
the spaces Q (M, V) and the Lie algebra gau{P) combines to a smooth auto- 
morphic action on the central Lie algebra extension gau(P), defined by the 
cocycle u = cuj. Moreover, we show under which conditions this construction 
carries over to arbitrary Lie group bundles which are not necessarily gauge 
bundles. 

Let 6 G Q^{P,i) be a principal connection 1-form corresponding to V. 
Realizing Qau{P) in C^{P, t), we have V/ = d/ + [6, /], so that 

oo{fij2) = WuVh)] = K/l,d/2) + «:(^,[/2,/l])]. 

The Lie group Aut(P) acts smoothly on the affine space A{P) C fi^(P, 6) 
of principal connection 1-forms by ip.6 := {ip^^)*9 and on gau(P) by ip.f = 
f o if-^ (cf. [GIMI Prop. 6.4]). We then have 

ip.d^f = ¥,.(d/ + [6, /]) = di^.f) + [^.e, y,./]) = d^(y,./) + i^.e - e, ^.f]. 

This leads to 

{^.U){h, h) = ^.Coi^-'.fl, V-\f2) = Coifl, h) + H^.e - 9, [/2, /l])]. 

Note that 

C: Aut(P) ^l]^(M,Ad(P)), ip ^ ip.9 - 9 

is a smooth 1-cocycle, so that 

^■. Aut(P) ^ Hom(0au(P),n'(M, V)), vl/(^)(/) := [Ki^.9 - 9 J)] 

is a 1-cocycle with dgau(P){'^{f)) = f-^ — ^, defining a smooth map 

Aut(P) X gou(P) -^ n^(M, V). 

Theorem 3.21 The group Aut(P) acts smoothly by automorphisms on the 
centrally extended Lie algebra gou(P) by 

¥,.([«],/) := {[cp.a] + [Ki^.9-9,^.f)],^.f). (14) 

//, in addition, the period group U^^ is discrete and Z --^ G ^^ G is a 
central extension with 1-connected G, G = Gau(P)o and Lie algebra 0, then 
this action integrates to a smooth action of Ant (P) on G. 
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Proof. First, |MN03l Lemma V.l] implies that we obtain automorphisms 
of gau{P), and the smoothness of the action follows from the smoothness of 
C and the smoothness of the actions of Aut(P) on gau(P) and Q (M, V). 

Assume that 11^ is discrete. Since the action of Aut(P) on g := 0au(P) 
and 3 := fi (M, V) preserves the cohomology class of a; (cf Example II .41) . the 
period homomorphism per^ : 712(G) — > 3 is Aut(P)-equivariant, which implies 
in particular that its image in 3 is invariant under the action of Aut(P). We 
therefore obtain a smooth action of Aut(P) on Zq := 3/11^;. Now the group 
G is a central extension of the universal covering group G oi G hj Zq, and 
7ro(Z) ^ 7ri(G) (cf. |Ne02al Rem. 7.14]). Finally, we lift the Aut(P) action 
on G to a smooth action on G and apply the Lifting Theorem IC.3[ ■ 

If (ff G Gau(P) is a gauge transformation corresponding to the smooth 
function f: P^ K, then ip*j9 = 5{f) + Ad{fy^9 implies 

iff. 6 = 6ir') + Adif)e and (i^f) = 5ir') + Ad(/)0 - 6. 

Corollary 3.22 The adjoint action of 0au(P) on gau(P) integrates to a 
smooth action o/Gau(P) ongau(P). 

Theorem 3.23 IJt^q^K) is finite and7!'2{K) vanishes, then the following are 
equivalent: 

(1) cuj integrates for each principal K -bundle P over a compact manifold M 

to a Lie group extension o/Gau(P)o. 

(2) uji^ integrates for the trivial K -bundle P = E>^ x K over M = E>^ to a Lie 

group extension of C'^{E>^,K)q. 

(3) The image o/per^: its^K) —^Vis discrete. 

Proof. Since the existence of a Lie group extension of G := Gau(P)o 
integrating cjj is equivalent to the discreteness of LI^^v and the integrability 
of the adjoint action to an action on gou(P), this follows from Corollary 13.221 
and Theorem 13.171 ■ 

Theorem 3.24 Let P be a finite- dimensional connected principal bundle 
with structure group K over the compact manifold M. If V = V{i), k, = n^ 
is universal and D = py(7ro(i^)) C GL(V"(I^)) is finite, then the central ex- 
tension gou(P) of gau(P) defined by tuj integrates for any connection V to 
a central extension of the identity component Gau(P)o of the gauge group. 
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Proof. With Corollary 13. 181 this follows as in the proof of Theorem 13.231 

■ 

For general Lie algebra bundles ^, the action of T^ on T^ is given by 

h.{[a], /) = {uj{h, /), [h, /]) = {[K{-d^h, /)], [h, /]). 
The fact that V is a Lie connection means that 

is a 1-cocycle for the action of the Lie algebra F^ on fl^{M, ^)hj f.a := [/, a] 
(pointwise bracket). To integrate the action of F.^ on F.^ to a group action, 
we therefore have to integrate d^ to a Lie group cocycle (F.^)o —>■ fi^{M, R). 
This can be achieved as follows. We assume that K is 1-connected. First 
we observe that der(6) = Z^{t,l), where t acts on itself by the adjoint ac- 
tion. In this sense, each derivation D G der(6) is a 1-cocycle, hence defines 
an equivariant closed 1-form D'^^ G Q^{K,i) which is exact since K is 1- 
connected. Let x^ : -ft" — > 6 be the unique smooth function with dx^ = D*^^ 
and x^(l) = 0- Then x^ is a smooth 1-cocycle (cf. |GN09j ). and the smooth- 
ness of the action p^ oi [) on i implies that the function 

X:i)xK^t, {x,k)^x''^^\k) 

is smooth. 

If G ^^{P, f)) is a principal connection 1-form, we now define for / G F/C 
a 1-form x%f) in ^\P, t)^ = n\M,Ji) by 

X\f)v-=x'^''\fip)) for veT.iP). 

Then 

S^if):=6if)+x\f-') 
is a covariant left logarithmic derivative on F/C and 

is a 1-cocycle integrating — d^. We now calculate for ip G F/C: 

^.d^/ = ^.(d/ + e.f) = d(v9./) + {ip.e).M) 

= d^(^./) + {^.9 - d).{^.f) = d^(^./) + x\v)-{^-f)- 
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This easily leads to 

(^•^)(/l, /2) = VM^-'-fu ^-'.f2) = ^(/l, /2) + KX\V), [/2, /l])], 

and x^ '■ r/C ^ Q^{M,^) is a smooth 1-cocycle, so that 

^: r/C ^Hom(m,n'(M,V)), vI/(^)(/) ;= [«:(x^(p), /)] 
is a 1-cocycle with drj^(^((^)) = v^.cj — u, defining a smooth map 

Theorem 3.25 // K is 1-connected, then the group F/C acts smoothly by 
automorphisms on the centrally extended Lie algebra T^ by 

^.([a],/):=([^.a] + K/(^),^./)],^./). (15) 

Theorem 3.26 If K is 2-connected, then the following are equivalent: 

(1) If pv{H) is finite, then the Lie algebra defined by cuj integrates for each 

K-bundle K, over a compact manifold M and each Lie connection V 
on ^ to a Lie group extension of (r/C)o. 

(2) The extension defined by cj^ on C°°(§^,t) integrates to a Lie group ex- 

tension o/C°°(§\ir)o. 

(3) The image o/per^: n-^^K) ^ V is discrete. 

Proof. Since the existence of a Lie group extension of (r/C)o integrating 
cjj is equivalent to the discreteness of 11^ v and the integrability of the adjoint 

action of TA on F^ to an action of (F/C)o, this follows from Theorem 13.251 
and Theorem 13.171 ■ 

A Appendix: The Lie group structure on F/C 

In this section we explain how to obtain a locally exponential Lie group 
structure on the group F/C of smooth sections of the (locally trivial) Lie group 
bundle /C over the compact manifold M whose fiber is a locally exponential 
Lie group K with Lie algebra 6. 
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We further assume that the Lie group bundle /C is associated to a principal 
if -bundle P via a smooth action defined hj px'- H —* Aut(_ft'). We write 
Pi{h) := L(px(^)) for the corresponding smooth action of if on 1^ and K : = 
L(/C) for its Lie algebra bundle with fiber t := L(iC). We endow the space F^ 
of smooth sections of A with the smooth compact open topology. This turns 
TR into a locally convex Lie algebra because over each open subset U ^ M 
for which ICu is trivial, we have T{Ku) = C°°{U,t), and the Lie bracket on 
the locally convex space C°^{U, t) is continuous since U is finite-dimensional. 
Likewise, the smooth compact open topology turns the group F/C of smooth 
section of /C into a topological group. Indeed, restriction defines a group 
homomorphism F/C — > TJCu — C°°{U, K), and the topology on F/C is defined 
by the embedding F/C ^^ J^^ C°°(f/, i^), where U runs through an open 
cover of M consisting of trivializing open subsets (cf. |Ne06l Def. II. 2. 7]). 

Since the exponential function exp^ : fi — > iT is natural, we have 

exp^ o h{Lp) = ip o expf^ 

for every automorphism (f G Ant{K), and we obtain a fiberwise defined 
exponential map 

exp^: .^ — > /C. 

Composing smooth sections with this exponential map, we obtain a map 

exp-pK'- r^ -^ F/C. 

Theorem A.l The topological group F/C carries a locally exponential Lie 
group structure with L(F/C) = F.^. Moreover, this topology coincides with 
the smooth compact-open topology. 

Proof. The proof of |Wo07at Thm. 1.11] carries over from the case of the 
conjugation of K on itself to an arbitrary action of some group H on K. ■ 



B Appendix: The universal invariant bilin- 
ear form in finite dimensions 

Throughout this section, K denotes a finite-dimensional Lie group and t = 
L(i^) its Lie algebra. We further choose a Levi decomposition 6 = r xi s and 
write s = s™^ © ... © s™'', for the decomposition of s into simple ideals 5j, 
where Sj is supposed to be non-isomorphic to Sj for j ^ i. 

40 



B.l The action of Aut(e) on V{t) 

Definition B.l We put V{t) := S^{t)/tS^{t), where the action of i. on 
S^{t) is the natural action inherited by the one on the tensor product t ^ i 
hj x.{y^z) = [x,y]^z + y^[x, z]. There exists a natural invariant symmetric 
bihnear form 

Ku:txt^V{t), {x,y)^[xVy] 

such that for each invariant symmetric bihnear form f3: i x t ^ W there 
exists a unique hnear map ip : V{1) -^ W with ip o k^ = p. We caU Ku the 
universal invariant symmetric bilinear form on t. 

Remark B.2 (cf. |MN03] ) (a) The assignment q -^ ^(fl) is a covariant 
functor from finite-dimensional Lie algebras to vector spaces. 

(b) If = a© b and a is perfect, then V{g) = V{a) © V{b) because for every 
symmetric invariant bilinear map k: q x q ^ V, we have for x, y G a, -z G b 
the relation K{[x,y],z) = k(x, [y,z]) = k{x,0) = 0. 

(c) If f) < g is an ideal and the quotient morphism q: q -^ q := q/1) splits, 
then g = f) X q, and the natural map ^(q) — *■ V{g) is an embedding. In 
fact, let r^: q ^ be the inclusion map. Then g o r^ = idq and this leads to 
V{q) oV{ri) = idy(q), showing that V{ri) is injective. 

(d) If 5 is reductive with the simple ideals Si, . . . ,s„, then (b) implies that 

n 
V{B)^V{iiB))®^V{B,). 

i=i 

(e) If ]& = r X 5 is a Levi decomposition, then (c) shows that the natural map 
V{s) -^ V{t) is an embedding. 

Remark B.3 As a consequence of our construction, the group Aut(fi) and 
its Lie algebra der(6) act naturally on V{t). The Lie algebra t itself, resp., 
the subalgebra ad t of inner derivations acts trivially. 

If all derivations are inner, as is the case if t is semisimple, it follows that 
the identity component Aut(6)o acts trivially on V{1). 

Remark B.4 For a simple finite-dimensional real Lie algebra s, its centroid 

Cent(s) := {(f G End(s) : (Vx G s) [(f, adx] = 0} 

is a field, hence isomorphic to M or C ( jJa79[ Theorem X.l]). If Cent (5) = C, 
then s actually carries the structure of a complex simple Lie algebra and if 
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Cent(s) = M, then its complexification 3c is simple. In the latter case we call 
s central simple. 

If l3{x, y) := tr(adxad?/) is the Cartan-Killing form of s, then the map 

is easily seen to be a linear isomorphism. This implies that 1^(5) = C if s is 
complex and V{s) = M otherwise. In the latter case the Cartan-Killing form 
f3 is already universal, and in the former case, we have the additional form 
(3'{x,y) = (3{ix,y). Hence the Cartan-Killing form 

/3c : s X s ^ C, (3c{x,y) = - {/3{x, y) - i(3{ix, y)) = - {(3{x, y) - i(3{x, iy)) 

of the complex simple Lie algebra s is the universal invariant symmetric 
bilinear form for the real simple Lie algebra s. u |j 

Example B.5 If ! = 0t„(IR), then Remark [R2](d) implies that 

1/(0[„(M)) = V(sl„(M)) © V{M) ^ M^ 

because sl„(M) is central simple. 

Theorem B.6 Let t be a finite- dimensional real Lie algebra with Levi de- 
composition 6 = r XI s and 5 = 0[=i s™' the decomposition into simple ideals. 
With Vo := fi;„(r, t) and Vi := Ku{sT\sT") = 1^(Sj)"% we obtain a direct sum 
decomposition 

V{i) = Vo®Vi®...®Vr = Vo® V{sir' © ... © \/(s,)™^ (16) 

which is invariant under the group Aut(6). 



^If C is a complex linear endomorphism of a complex vector space, then the traces of 
C with respect to M and C are related by trc C — ^(trg C — itri{(iC)). 

^ |MN03| ■ Remark 11.2(4) uses the invalid assumption that V{s) is one-dimensional for 
any real simple Lie algebra s. This has no serious consequence for the validity of the main 
results in that paper. The corresponding gap in the proof of Theorem II. 9 loc. cit. is fixed 
by Proposition IB.IOI and Theorem IB. Ill below. Moreover, the assertion of Lemma 11.11 
loc. cit. should read V{i ® A) = V{i) (^ A ior i simple finite-dimensional. 
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Proof. Let q: t -^ t/t = s denote the quotient map. Then Reniark lB.2( c) 
imphes that V{s) can be identified with a complement of the kernel of V{q). 
Clearly, kerVi^q) ^ ^^(r, fi), and since 

V{t) = Ku{i,t) = K^{x,t) + Ku{s,s) = Vo + V{s), 

we see that ker \^(g) = Vq and that the sum of V^s) and Vq is direct. The 
decomposition of V{s) follows from Remark IB. 2( d). 

Now we show that the decomposition flT6|) is invariant under Aut(fi). Let 
Inn(t) C Aut(6)o denote the normal subgroup of inner automorphisms of 6. 
This subgroup acts trivially on V{t) because t acts trivially. Since all Levi 
complements are conjugate under the group Inn(]^) of inner automorphisms 
(cf. |Bou89[ Ch. I]), we obtain with 

Aut(!,5) := {ip e Aut(!): V5(s) = s} 

that 

Aut(e) = Aut(!,5)-Inn(e). 

Since Inn(t) acts trivially on V{t), it remains to see that the decomposition 
fITB]) is invariant under Aut(fi,5). Clearly, this group preserves the Levi de- 
composition of 1^, hence the subspaces V{5) and Vq of V{t). Moreover, Aut(s) 
permutes the simple ideals of s, hence preserves the isotypic ideals s^' for 
each i. This completes the proof. ■ 

Remark B.7 (The action of 7ro(Auts) on V{s)) The group Aut(^) acts on 
the subspace ^(5) on V{t) through the natural homomorphism 

Aut(]e) ^ Aut(s), 

obtained from s = g/r and the group Aut(s)o act trivially on V{s) (Re- 
mark [R3]). The product 6^^ x (5^2 x . . . x 6,„^ of symmetric groups acts 
naturally on 5 = s^^ © ... © s™'' by automorphisms, permuting the simple 
ideals of s, and since each automorphism of s permutes the set of simple 
ideals, we obtain a semidirect decomposition 



r r 

Aut(5) ^ (nAut(5,)™") X n®-«- 
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This in turn leads to 

r r 

7ro(Aut(5)) ^ (nvro(Aut(s,))™') >^ J] ®-- 

For 1^(54) = ffi, the invariance of the Cartan-Kilhng form under all auto- 
morphisms of 5j implies that Aut(Sj) acts trivially on V{Si). For V{Si) = C, 
the same argument implies that the index 2-subgroup of all complex lin- 
ear isomorphisms acts trivially on V{Si), and each antilinear isomorphism 
(f G Aut(Sj) acts on V{Si) = C by complex conjugation. 

If V{Si) is one-dimensional, ©m, acts by permutations on V{s^') = M™', 
and if V{Si) = C, then {Z/2)"'* x e„, acts by permutations on vlsl"') = C™% 
combined with complex conjugation in the factors. 

B.2 The universal period map 

Let Ku'. txi ^ V{i)he the universal invariant symmetric bilinear form. Then 
C{K){x,y,z) := K{[x,y],z) is a V^(6)-valued 3-cocycle, and the left invariant 
closed V^(6)-valued 3-form C(k)' on K specified by C{k)i = C{n) defines a 
period homomorphism 

per^: n^iK) ^ Vit), [a] ^ I C{k)' = I a*C{K)' 

( [Ne02al Lem. 5.7 and Rem. 5.9]). We write Uk '■= im(per;^) for its image. 
To see that this subgroup is fixed by Aut(6)o = Aut(ii')o, we note that for 
each ip e Aut(i^), the relation 

perj^ oTTsiip) = V{L{ip)) o per^ 

implies that V{L{{p)) o per^^ only depends on the class [ip] G 7ro(Aut(i^)). 
Hence the image of per^ is fixed pointwise by Aut(_ft')o. 

Remark B.8 We recall some results on the homotopy groups of finite-di- 
mensional Lie groups K. 

{a) li q: K —>■ K is a covering of Lie groups, then for each j > 1, the 
induced homomorphism 7fj{q)'. ttj{K) — > ttj{K) is an isomorphism. This is 
an easy consequence of the long exact homotopy sequence of the principal 
ker g-bundle K over K. 
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(b) By E. Cartan's Theorem, 7r2{K) = 1 f |Mim95l Th. 3.7]). 

(c) Bott's Theorem asserts that for a compact connected simple Lie group 
K we have ir^iK) = Z f )Mim95l Th. 3.9]). A generator of ir^iK) can be 
obtained from a suitable homomorphism rj: SU2(C) = E>^ ^ K. More pre- 
cisely, let a be a long root in the root system Aj of t and t{a) C 6 be the 
corresponding su2(C)-subalgebra. Then the corresponding homomorphism 
SU2(C) -^ K represents a generator of 773(7^) ( [Bo58j ). 

Remark B.9 Let i^ be a connected finite-dimensional Lie group, C ^ K 
a maximal compact subgroup, Cq the identity component of the center of 
C and Ci, . . . , Cm be the connected simple normal subgroups of C. Every 
compact group is in particular reductive, so that the multiplication map 

Co X Ci X ... X Cm -^ C 

has finite kernel, hence is a covering map. As Cq is a torus, its universal 
covering group is a vector space, and therefore 7r3(Co) = iTsiCo) is trivial. 
Since K is homotopy equivalent to C, this leads with Remark [B. 81 to 

m 

7r3(K) = 7r3(C)^n^3(C,) = Z". 
i=i 

Proposition B.IO Let S be a simple connected Lie group with Lie algebras. 

Then 

' Z fors^shiR) 
fors^shiR), 

and this group is fixed pointwise by the action ci/Aut(3) on V{s). 

Proof. Since 7r3(S') = 7r3(S') for the universal covering Lie group S, we 
may w.l.o.g. assume that S is 1-connected. 

If s = s [2(1^)5 then S is diffeomorphic to M^, so that tt^IS) is trivial and 
therefore Us is trivial. If s ^ 5[2(K), then the maximal compact subalgebra 
Cs is not abelian (cf. [HelTSj Prop. VIII.6.2]), so that the maximal compact 
subgroup C of S* is non-abelian, hence contains non-trivial simple factors 
Ci, . . . , Cm- In view of Remark IB. 91 7r3(5') = Z"* is a non-trivial free group. 

For K := SU2(C), pick x E t with Spec(adx) = {0, ±2i}, where we view 
adx as an endomorphism of the complexification ic = si2{C). The set of all 
such elements is a euclidean 2-sphere in the 3-dimensional Lie algebra SU2(C) 
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which is an orbit of the adjoint action. Therefore v^ := 4:7t^k,^{x, x) G V{t) = 
M is well-defined and with Example 12. Ill we derive that Uk = ^v^. 

Since vr3(S') is generated by the homotopy classes of the homomorphisms 
r]f. SU2(C) -^ Cj specified in Remark [B. 8( c). we conclude that lis ^ ^(-s) 
is the subgroup generated by the corresponding elements vi, . . . , Vm, com- 
ing from the basis elements Vj = 4:Tr^Ku{xj,Xj) G V{Cj), where Xj denotes 
an element in a suitable su2-subalgebra of the simple ideal Cj of the max- 
imal compact subalgebra c of 5, which is normalized in such a way that 
Spec(adxj) = {±2i, 0} holds on the su2(C)-subalgebra. The choice of the ele- 
ments Xj G Cj and the representation theory of sl2(C) = (su2(C))c imply that 
all eigenvalues of adxj on t^ are contained in iZ, so that tr((adxj)^) G — Nq. 
Therefore the values of the Cartan-Killing form of s on the Xj are integral. 

If diml^(s) = 1, then the Cartan-Killing form is universal (Remark IB. 4p . 



and this already implies that the elements Vj generate a discrete non-trivial 
subgroup of V{s). If dim\^(5) = 2, then s is complex and c is a compact 
real form of s, hence in particular simple. Therefore 7r3(S') = ttsIC) = Z 
(Remark E8]) implies that Us = Z. 

To see that Aut(s) fixes II^ pointwise, we observe that if dim\^(s) = 1, 
then the invariance of the Cartan-Killing form under all automorphisms of 
s implies that Aut(s) acts trivially on V{s). If dim.V{s) = 2, then the 
subgroup Autc(s) of all complex linear automorphisms of s acts trivially on 
V{s). Let c C s be a compact real form and r G Aut(s) be the corresponding 
antilinear involution. Then r fixes c pointwise, so that the corresponding 
group automorphism fixes CCS* pointwise, hence also the canonical image 
V{c) C V{s), generated by Us = Uc- Since Aut(s) = Autc(s) x {id,r}, the 
whole group Aut(s) fixes II^ pointwise. ■ 

Theorem B.ll Let Si be a connected Lie group with Lie algebra Sj. Then 
Uk = ni=i n™/ is a discrete subgroup ofV{s) C V{i), and ififv G GL(r(e)) 
is induced by an automorphism tp^ G Aut(6), then the image ofU^ in V{t)^^ 
is also discrete. 



Proof. We may w.l.o.g. assume that K is 1-connected (Remark IB.SP 



Then we have a Levi decomposition K = Ry<i S, and S = 5*5^^ x . . . x S'^"-. 
The functoriality of the period group and the assignment g h-> V{g) now 
implies that Uk = Us = W^^' x . . . x H^;, where n^. C V{Si) is a cychc 
subgroup, hence discrete (Proposition IB. lOT) . 
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From Theorem IB.6I we recall the Aut(fi)-invariant decomposition V{i) = 
Vq © ©i^=i Vi with Vi = V{Si)"^\ We have just seen that the period group is 
adapted to this decomposition with 11™' C Vi. For i > 0, cpi := ^pvlvi acts on 
Vi as an element of Aut(5™''), and since Aut(s™'')o acts trivially (Remark lB.Sp . 



OTd{ipi) < cxo (Remark IB .7^ . so that (Vi)^. = V'^\ and the projection to the 
cokernel corresponds to the projection to the subspace of fixed vectors of (y9j. 
Since yjj preserves Ilg.' (Proposition IB. 10]) . the image of this group under the 

1 . -Qmi 

ord{</3i) Si 



projection onto the v^j-fixed space is contained in ^, . ■ 11^', hence discrete. 



Remark B.12 For each z, Proposition IB.lOl implies that the the subgroup 
Aut(Si)"'» of Aut(s™0 fixing all simple ideals acts trivially on lis™ = n^\ 
Therefore only the permutation group ©m acts on this discrete subgroup. 
Thus any automorphism of \ acts on IIx — 111=1 n^' as an element of the 

product ©mi X ... X 6m^. 

C Appendix: Central extensions of Lie groups 

In this appendix we recall some facts on the integration of Lie algebra 2- 
cocycles from |Ne02a] . They provide a general set of tools to integrate central 
extensions of Lie algebras to extensions of connected Lie groups. 

Let G be a connected Lie group and \^ be a Mackey complete space. Fur- 
ther, let a; e ^^(fl, ^) be a /c-cocycle and uJ- G Q!^{G, V^ be the corresponding 
left equivariant l^-valued fc-form with lli\ = uj. Then each continuous map 
S'^ ^ G is homotopic to a smooth map (cf. |Wo09] or |Ne02aj ). and 



per^: 7ik{G) ^V, [a]^ f J = f a* J = [ 



u{6a, . . . , 6a), 



for a G C°°(§^, G), defines the period homomorphism whose values lie in the 
G-fixed part of V (; |Ne02al Lem. 5.7 and Rem. 5.9]). 

Theorem C.l ( [Ne02al Prop. 7.6 and Thm. 7.9]) Let G be a connected Lie 
group with Lie algebra q. A central Lie algebra extension Q = V Q)uj Q defined 
by LU E Z'^{q,V) integrates to a Lie group extension of some covering group 
of G if and only if the period group U^ := per^(7r2(G)) (1 V is discrete. It 
integrates to an extension of G if and only if the adjoint action of G on q 
lifts to an action of G on V (Buj 0- 
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Remark C.2 (a) To calculate period homomorphisnis, it is often convenient 
to use related cocycles on different groups. So, let us consider a morphism 
V?: Gi — > 6*2 of Lie groups and uj2 G Z'^{q2,V), V a trivial Gj-module. Then 
a straight forward argument shows that 

Per^2 °7r2(<^) = perL(<^),^^ : 7r2(G'i) -^ V. (17) 

(b) From (a) we obtain in particular for u G Z'^{q, V) and ip G Aut(G) the 
relation 

per^ o7r2(v5) = perL(<^),^ : 7T2{G) -^ V. (18) 

If, in addition, ip is homotopic to the identity in the sense that ip = 7(1) for 
a curve 7: [0, 1] ^ G with 7(0) = idc for which the map 

7: [0,l]xG^G, {t,g)^^{t){g) 

is smooth, then 'n'2{ip) = id implies that the periods of the 2-cocycle 

L{{p)*u — u 

are trivial. In this case we further have a derivation D = (p'lO) G der(g), 
and by applying the preceding relation to all automorphisms and taking 
derivatives in 1, it follows that the periods of the cocycle 

^^(a;, y) = uj{Dx, y) + uj{x, Dy) = — L(v?i)*^ 

at t=o 

vanish. 

The following theorem can be found in |MN03l Thm. V.9]: 

Theorem C.3 (Lifting Theorem) Let q: G ^ G be a central Lie group 
extension of the 1-connected Lie group G by the Lie group Z = i/T z- Let 
ac'- H y< G —^ G, resp., az'- H x Z ^ Z be smooth automorphic actions 
of the Lie group H on G, resp., Z and a-^ be a smooth action of H on 
compatible with the actions on 3 and g. Then there is a unique smooth 
action ag: H x G ^ G by automorphisms compatible with the actions on Z 
and G, for which the corresponding action on the Lie algebra g is a-g. 
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D Appendix: Some facts on curvature and 
parallel transport 

Let M be a finite-dimensional manifold, H a regular Lie group, P{M, H, q) a 
principal if -bundle over M and 6 G ^^{P, f)) a principal connection 1-form. 
For each piecewise smooth curve a : [a, b] —>■ M, we then have an H- 
equivariant parallel transport map Pt(«) : Pa{a) -^ Pa(b) defined by 'Pt{a).p := 
a(l), where a: [a, 6] — i> P is the horizontal lift of a starting in p. For a closed 
curve parallel transport and holonomy are connected by 

Pt(a).po =Po-'H{a). 

Let v,w E Tmo(M) and consider an open connected neighborhood U 
of mo in M such that P\u is trivial and there exist smooth vector fields 
X,Y E V{U) with X(mo) = v and Y{mo) = w and T > such that for 
<ti < T the points 

Fl!:,,oFlf,3oFl,^oFl^(mo) 

are defined and contained in U. 
For < t < T, 

7(t):=Fir,oFl^,oFiroFlf(mo). 

defines a smooth curve in M with 7(0) = rriQ, 7'(0) = 0, and 

7"(0) = 2[X,r](mo). 

f fBUeil Thm. 1.4.4]). 

We write at : [0, 5t] -^ M for the curve obtained by concatenating integral 
curves of X, Y, —X and ~Y defined on [0, t] with the reversed curve 7, so that 
we obtain a loop in mo which is piecewise smooth. Note that any piecewise 
smooth loop can be reparametrized as a smooth loop, so that P(t) := H{at) 
also is the holonomy of a smooth loop, and it is clear that it is a smooth 
curve in H. We claim that 

/3'(0) = and /3"(0) = 2R{e)p,{v, w), 

where v e Tp^[P) denotes the unique horizontal lift of f G T^o^M) (cf. 
[BU641 Thm. 6.1.3]). 
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Since the bundle Pu is trivial, we may w.l.o.g. assume that Pu = U x H. 
Then the connection 1-form 6 has the form 

e = p*hKh + AdipH)-\phA), 

where A G Q^{U, [)), and pn'- U x H ^ H and pu'- U x H ^> U are the pro- 
jection maps. After adjusting the trivialization if necessary, we may w.l.o.g. 
assume that A{mo) = 0, i.e., the subspace Tmo{M) is horizontal in T(mo,i)(-P)- 
Let X,Y E V{P)^ denote the unique horizontal lifts of the vector fields 
X, F and 

7(t):=Fl!,oFl^,oFlfoFlf(mo), 

which coincides with Q?t(4t) for the horizontal lift a of a, starting in pq. In 
the product coordinates of Pu = U x H, we now find with po = {mo, 1): 

7(t) = (7(t),C(t)), 
where C(O) = C'(0) = and 

C"(0) = 2e{[X,Y]){po) = 2d9{Y,X){po) = 2R{9){w,v). 

Let (7(5), p(s)), < s < t, denote the horizontal lift of the curve 7 starting 
in Pq. Then (7, p).p(t) = (7, p ■ Pit)) is the horizontal lift starting in pQ.p(t), 
and we thus obtain 

Pit) ■ Pit) = at). 

Since (7,p) is horizontal, we have 5(p)( = —A^(^t)il'it)), which leads to 
p(0) = l,p'(0) = and further to 

p"(0) = -A„„(7"(t))=0. 

Hence 

P"iO) = ip-P)"iO) = C"iO) = 2Rie)iw,v). 

We have thus constructed a family (a;()o<f<T of (piecewise) smooth loops 
in rriQ for which the holonomy defines a smooth curve /3(t) = Ti-iat) in H 
with p'iO) = and p"iO) = 2Rie)iw,v). 
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